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Département de Recherche Spatiale, Observatoire de Paris, 5, Place Jules Janssen, 92195 Meudon, France
E-mail: roques@obspm.fr

Received November 30, 1999; revised March 30, 2000

We explore the possibility of detecting small Kuiper belt objects
(KBO) by serendipitous observation of stellar occultations: We show
that such unpredictable occultations may allow us to detect a popu-
lation of very small objects (typically of∼100 m radius at 40 AU), in-
visible by any other observational method, as long as (i) the assumed
population fills up a sufficient area on the sky plane, (ii) the instru-
mental sensitivity and acquisition frequency are high enough, and
(iii) the observed star has a small angular radius. This result is basi-
cally due to the diffractive broadening of the geometric shadow of
small (assumed numerous) occulting objects. This diffractive broad-
ening is more pronounced for smaller stellar disks and better photo-
metric precision. Assuming there exist about 1011 objects of radius
ρ> 1 km, located between 30 and 50 AU near the Ecliptic, and that
the differential size distribution varies as ρ−q with the index q= 4
extending down to decameter-sized objects, we expect a number of
valid occultations (i.e., a 4σ event) between a few to several tens per
night, if we may obtain an rms signal fluctuation σ ∼< 1% and ob-
serve a star in the ecliptic with an angular radius∼<0.01 mas. Since
this occultation rate is very sensitive to the index slope q and plum-
mets when q∼< 3, a KBO occultation observation campaign could
provide a decisive constraint on the actual slope of the KBO size
distribution for subkilometer-sized objects. Blue O class stars are
the best candidates for detecting KBOs since they have the small-
est angular radius for a given visual magnitude. The occultation
events are typically very brief (∼<1 s) and they are shorter but more
numerous when observed in the antisolar direction, so rapid pho-
tometry (>1 Hz) is required and high-speed photometry (∼>20 Hz) is
preferred. The French space mission Corot will provide an excellent
opportunity to observe occultations by KBOs using high precision
photometry. c© 2000 Academic Press
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1. INTRODUCTION

the existence of 1011 objects of more than 1 km radius. The
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The existence of a residual protoplanetary disk beyond
Neptune orbit was speculated by Kuiper (Kuiper 1951). T
recent discovery of hundreds of objects (Jewitt 1999), with ra
from 50 to 200 km and located between 30 and 50 AU confir
the reality of the Kuiper hypothesis. A simple extrapolation
the observations allows us to predict the existence of 40,00
70,000 objects of more than 50 km radius in this region, a
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observations also suggest that the differential size distributio
a power lawρ−q (whereρ is the KBO radius) with an indexq≈ 4
(Luu and Jewitt 1998). This value is compatible with the gu
that the Kuiper belt is the “reservoir” of short-period comets. T
total mass of these Kuiper belt objects (called KBOs hereina
is estimated from 0.1 to 0.3 Earth mass (Jewitt and Luu 19
Actually, the density of matter in the outer Solar System see
surprisingly low beyond Neptune, and the Kuiper disk could
much larger than the present observations suggest. If the Ku
disk has a size distribution with such a constant index extend
down to meter-sized objects, it would include a huge numbe
subkilometer-sized objects. However, a large collision rate co
have destroyed the smaller objects. Anyway, knowledge of
small KBO population is a key point because it could cont
most of the Kuiper disk mass. The search for small KBOs
also a way to constrain the spatial distribution of the KBOs. T
radial and vertical extensions of the Kuiper belt are very poo
known, in particular the outer limit of the Kuiper belt. It cou
extend to the Oort cloud with decreasing density. Furtherm
the Kuiper belt could be similar to some circumstellar dust di
(as, for example, observed around HR4796 by Schneideret al.
1999) that have a typical size of 100 AU and could be the res
of planet formation.

More generally, the structure of the Kuiper belt, its size, thi
ness, mass, and momentum distribution are key tools in the
suit of planet formation, because the Kuiper belt is the m
primitive part of the Solar System since it was the outer p
of the protoplanetary system: In the inner part of the disk,
planetesimals collided to create larger bodies. Beyond Nept
reduced collision rate prevented planet formation. Since th
the Kuiper disk has suffered little evolution: Except for the
ner boundary which is connected to a resonance with Nept
the giant planets are too far away to perturb the disk as the
the asteroid belt. Mass and momentum distributions, impor
parameters for planet formation scenarios, are poorly know
the outer Solar System where the time scales of the forma
of Uranus and Neptune are not yet well understood.

Stellar occultations are a powerful tool for exploring the ou
Solar System: They have provided rich information on planet
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DETECTION OF KUIPER BELT

atmospheres and ring systems (Elliot and Olkin 1996, Sica
et al. 1991). However, the observation of a stellar occultat
by a given small object, such as a known comet or an aste
is quite difficult because the small angular size of the ob
prevents a precise prediction of the shadow path (cf. predic
of occultations by Pholus in Stoneet al.1999). The possibility
of detecting small objects of the Solar System by stellar
cultation was introduced by Bailey (1976) and Dyson (199
More recently, Brown and Webster (1997) have proposed to
the Macho experiment for detecting stellar extinction by KBO
but in these works, the diffraction effect during occultations h
been neglected. We will show here that taking star light diffr
tion into account is asine qua noncondition for addressing an
implementing such a detection method.

We thus explore here the possibility of detecting KBOs b
method of “serendipitous occultations” by taking into accou
the diffraction effect: In Section 2, we discuss and estimate
statistical rate of occultation by KBOs using geometrical opt
only, that is, without taking into account diffraction effects.
Section 3 we present a theoretical model of diffracted lightcur
produced during stellar occultation, and we show that occu
tions could make it possible to detect rather distant and sm
objects. In Section 4, we then use this model to estimate a
cultation rate by KBOs more realistic than that estimated
Section 2, and we give the probability of detecting occultatio
by KBOs within the present capabilities of existing instrumen
Section 5 explores the possibility of better exploiting the diffra
tion phenomenon for optimizing the detection of KBOs, es
cially when using high-precision photometric instruments, a
discusses other possible instrumental implementations of su
method. Finally, in Section 6 we discuss how to be assured
the observed dips on a lightcurve are due to occultation, an
particular, due to occultation by KBOs.

2. THE STATISTICAL RATE OF STELLAR OCCULTATION
BY KBOs: A FIRST APPROACH

The occultation statistical rate is the probable number of
cultations of a star detected during a given time interval. Wh
an observer (on the Earth in most cases) crosses the shad
a KBO cast by a star, the star light is not fully extinguished a
the stellar flux oscillates: If these oscillations are detected, th
is an occultation, and the whole region where these oscillat
can be detected is called the diffraction shadow. Thus, the oc
tation rate is computed as the probability of intersection in
sky plane of the star disc with the KBO’s diffraction shadow

If, at first, we ignore diffraction, the definition of an occulta
tion event simplifies: there is an occultation when the obse
crosses the geometric shadow of a KBO, and the star light is f
or partially extinguished, depending only on geometric para
ters linked to the KBO and to the star. In addition, the detect
of an occultation event depends on the conditions of the ob
vation and in particular on the instrument used for record

the occultation. In the following discussion, we estimate th
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“geometric” occultation rate by KBOs for a given star; we def
the possibility of modeling and exploiting the diffraction ph
nomenon to later sections.

We consider a population of KBOs moving with respect
a star in the sky plane. There is an occultation of the star b
KBO if the minimum distance between the two objects is sma
than the sum of their radii. We may then write the number
geometric occultations of a star with angular radius8? and with
an inclinationi on the ecliptic plane, by KBOs of angular radiu
betweenϕ andϕ+ dϕ, observed during an interval1t as

nocc(ϕ) = 2δ(ϕ, i )(ϕ +8?)vo1t, (1)

whereδ(ϕ, i ) andvo are the density and velocity, respectivel
of KBOs in the sky plane.

The total number of occultations during1t is then

Nocc=
∫ ϕmax

ϕlim

nocc(ϕ) dϕ, (2)

whereϕmax is the maximum expected angular radius of KBO
(this value is not critical since we know that big KBOs are ve
rare; i.e.,δ(ϕ, i ) must be vanishingly small for largeϕ) andϕlim is
the angular radius of the smallest KBO detectable by occultat

Let us now discuss the three main parameters governing
geometric occultation rate:

1. The density of the KBOsis poorly known: The high mag-
nitude of these objects limits the size of the directly detecta
objects to a few kilometers, but we assume that the Kuiper
has a size distribution∝ρ−q with a constant indexq extending
to meter-sized objects. The near-Earth asteroid (NEA) pop
tion (the only small body population in the Solar System kno
down to meter-sized objects) indeed has a size distribution w
an index more or less constant to 5 m radius (Rabinowitzet al.
1994). We will return to the assumption of a constant indexq in
Section 4. In addition, the KBOs are assumed to follow an ex
nential distribution in inclination with an angular scale heightH ,
and the spatial density of KBOs is also assumed to depend o
distance to the Sun,D, with the same law as the protoplaneta
disk, i.e., asD−2. If we assumeN KBOs larger than 1 km exist
located between 30 andDmaxAU, the previous assumptions lea
to the following 2-D differential size distributionν, which is the
number of KBOs of radius (in kilometers) betweenρ andρ+ dρ,
with inclination (in degrees) betweeni andi + di , and at an he-
liocentric distance (in AU and>30 AU) betweenD andD+ d D:

ν(ρ, i, D) = 180N

4π2

D−2

(Dmax− 30)

C(H )

H
e
−i
H (q − 1)ρ−q, (3)

with

C(H ) = π [(180/π )2+ H2]

180
[
180/π + He−90/H

] ' 1+ sin2 H,

whereH is expressed in degrees, andν is given per astronomica

isunit and per steradian.
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Recent observations allow us to estimate there are 1011 objects
larger than 1 km, located between 30 and 50 AU (the prac
limit of existing surveys), with a differential size distribution i
dexq≈ 4, and a latitudinal scale heightH = 30◦ (Jewitt 1999).
Then, by substituting these values into Eq. (3) and by integ
ing in D between 30 and 50 AU, we obtain the following me
density of KBOs in the sky plane of angular radius betweeϕ
andϕ+ dϕ and with inclination betweeni andi + di

δ(ϕ, i ) = 3 10−11e
−i
30ϕ−4, (4)

where, for convenience,ϕ is expressed in mas (=0.001′′) andδ
is so given per mas2. Let us note that if we assume the KBO si
distribution ranges from one meter to some hundreds of k
meters (that is, from about 3× 10−5 to 10 mas at 40 AU), we
can estimate an optical depth of the Kuiper belt in the ecli
of τKB ≈

∫ 10
3×10−5 δ(ϕ, 0)ϕ2 dϕ≈ 10−6. We will show however in

Section 4 that diffraction perturbs the stars light far away fr
the geometric disc, such that the proportion of the ecliptic
perturbed by the Kuiper belt is much larger than that inferred
the optical depthτKB.

2. The velocity of the KBOs in the sky plane, vo, is involved
in both the number of occultations (Nocc∝ vo) and the duration
of the occultation (dto∝ 1/vo): It is given as

vo = vE

(
cosω −

√
1

DAU

)
, (5)

where DAU is the heliocentric distance of the KBOs in astr
nomical units,vE is the Earth’s orbital speed, andω is the angle
between the KBO and the anti-solar direction which is ca
“opposition” hereinafter.

Becausevo depends on the distanceD of the occulting objects
so do the probability and the duration of the occultations. T
property could allow the discrimination between an occultat
by a KBO and an occultation by an asteroid or a comet (
Section 6). By fixingD to 40 AU and havingvE≈ 30 km/s, we
getvo≈ 30(cosω − 0.16) km/s (≈(cosω − 0.16) mas/s). Then
vo is maximum (≈25 km/s) toward the opposition and decrea
toward a direction, called the “quadrature” hereinafter, for wh
cosω' 1/

√
DAU, i.e.,±81◦ for an object at 40 AU. An occul

tation, usually very brief, becomes slower in this direction.
instance, if an occultation by a 1-km radius KBO was detec
it could last from about 0.1 to a few seconds, asω goes from the
opposition to the quadrature.

3. The size of the smallest KBOs detectable by occulta,
ϕlim, depends on the angular radius of the star8? and on that
of the KBO itself: An object that is too small passing in fro
of the star will not generate a detectable decrease in the s
flux. For a KBO smaller than the stellar disc, geometrical op
gives the straightforward condition(

ϕ

8

)2

≥ ε, (6)

?
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whereε is the detection threshold or sensitivity of the instrume
This yields, for instance, a detection thresholdϕlim = 2.8?

√
σ

at ε= 4σ , whereσ is the rms signal fluctuations (i.e., the ph
tometric precision limit of the instrument), with8? typically
about 0.01 to 1 mas. However, as we shall see in subseq
sections, these formulas are quite approximate and only v
for a large stellar radius (>0.1 mas) because diffraction is n
taken into account: the real detection threshold not only dep
on the star size in a very different way than stated here, b
also depends on both the distance from the KBO to the obse
and the observation wavelength.

We may finally deduce from Eqs. (2) and (4) and the disc
sion above the following approximation of the total number
geometric occultations by KBOs of a star with an angular rad
8? and an inclinationi on the ecliptic

Nocc(8?, i )≈ 2 10−7vo1t e
−i
30

∫ 10 mas

ϕlim

ϕ−4(ϕ +8?) dϕ, (7)

wherevo is expressed in mas per second,1t in hours, andϕlim

and8? in mas. For instance, we may estimate the geome
occultation rate per night (8 h) in the ecliptic for aε= 4σ sen-
sitivity and8? > 0.1 mas as

Nocc(8?, 0)≈ 1.5 10−7vo8
−2
? σ

−1.4. (8)

So this geometric occultation rate per night is less than 0.
the most favorable case, with a typical KBO detection thre
old of a few kilometers in size. Fortunately, as we will sh
in Section 4, this result, which does not take into account
diffraction effects, significantly underestimatesNocc.

3. MODELING A REALISTIC STELLAR
OCCULTATION BY A KBO

3.1. Basics

The light emitted by a point source (assumed to be at infinit
yield planar waves) incident on a sharp-edged obstacle (suc
KBO) is diffracted. Owing to the Huygens–Fresnel principle
wave propagation, each point of a wave front may be consid
as the center of a secondary disturbance giving rise to sphe
wavelets, which mutually interfere. If part of the original wa
front is blocked by an obstacle, the system of secondary w
is incomplete, such that diffraction occurs. When observe
a finite distanceD from the obstacle, this effect is known
“Fresnel diffraction,” and falls within the scope of the Kirchho
diffraction theory, which remains valid as long as the dimensi
of the diffracting obstacles are large compared to the obse
wavelengthλand small compared toD (cf. Born and Wolf 1980).
The characteristic scale of the Fresnel diffraction effect (tha
roughly speaking, the broadening of the object shadow) is
so-called Fresnel scale

√
λD/2. The Fresnel scale at 40 AU
observed atλ= 0.4µm, is 1.1 km, i.e., a KBO typical size, and
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DETECTION OF KUIPER BEL

so the diffraction must be seriously taken into account to ana
the occultations by KBOs.

Let us now consider the case of a monochromatic point so
occulted by an opaque spherical object of radiusρ. If r denotes
the distance between the line of sight (the star’s direction)
the center of the object, and if the lengthsρ andr are expressed
in the Fresnel scale unit (noted Fsu hereinafter), the norma
light intensityIρ(r ) is given by (see Appendix B of Roqueset al.
1987), outside the geometric shadow (r ≥ ρ),

Iρ(r ) = 1+U2
1 (ρ, r )+U2

2 (ρ, r )− 2U1(ρ, r ) sin
π

2
(r 2+ ρ2)

+ 2U2(ρ, r ) cos
π

2
(r 2+ ρ2), (9)

inside the geometric shadow (r ≤ ρ),

Iρ(r ) = U2
0 (r, ρ)+U2

1 (r, ρ), (10)

whereU0,U1, andU2 are the Lommel functions defined by (fo
x≤ y)

Un(x, y) =
∞∑

k=0

−1k(x/y)n+2k Jn+2k(πxy), (11)

whereJn is the Bessel function of ordern.
Figure 1 (top) shows the diffraction pattern of a circular o

ject (1 km radius) occulting a point star and is computed us
Eqs. (9) and (10). The Fresnel scale is set to 1 km. The siz
the shadow is larger (about one Fresnel scale) than the geom
shadow, and overall the diffraction fringes are visible at a la
distance from the object (as long as the photometric sensit
is good).

3.2. Discussion

Our aim is to compute a rate of occultations by KBOs m
realistic (or a more confident threshold of KBO detection) th
that computed in Section 2. Two points were not very realisti
the previous model of diffraction by a KBO: we have assum
(i) a perfectly circular object and (ii) the star is a point sour
We thus discuss the following two provisoes:

What about an irregularly shaped object?Of course, we do
not expect to deal with perfect spherical objects in the Kui
belt, while we need to model a random occultation with
isotropic diffraction pattern (i.e., which does not show pref
ence to any direction in the observation plane). It is thus imp
tant to estimate the effects of an irregularly shaped object on
diffraction pattern. This study has been made by Roqueset al.
(1987) and the Fig. 1 (bottom) shows the diffraction pattern p
duced by an elliptical object (e= 0.7 and with similar size to
the circular case, see legend) occulting a point star, comp
from the code defined in that paper. To generate an extreme
which coulda priori smooth the diffraction fringes, the limb o
the object has been corrugated by setting the “irregularity”

rametern to 3 (for its definition see Roqueset al.1987), that is,
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an object about 6% hilly. Along the two axes of the ellipsoid, t
diffraction fringes look like those of the circular object, whi
their structures are more complicated outwardly. Howeve
we compare the projected contours of the top and bottom
Fig. 1, one can see that these fringes are detectable, for a g
sensitivity threshold (4% here), at distances larger or roug
equal to the distances where the fringes of the circular objec
detected. We think therefore that using a circular object to c
pute the occultation lightcurve is a good “working compromis
for modeling an occultation by a realistic KBO.

Smoothing the occultation lightcurve on the star disk.We
discuss here the fact that the occulted star is never a point so
Indeed, the apparent radius of a star projected at 40 AU c
range from a fraction of a kilometer to several tens of kilomet
(see Section 5), i.e., on the same order of magnitude as
KBOs. Therefore, the lightcurve smoothing over the appar
stellar disk must be taken into account in our computation
order to do so, the star is considered as a set of incoherent
sources, with polar coordinates (s, θ ) in a frame centered on th
stellar disk. Ifr is now the distance in the occulting object pla
from the star disk center to the object center, the normali
light intensity produced during an occultation of a stellar d
of apparent radiusR? (again expressed in Fresnel scale un
becomes

I ?ρ (r )= 2

πR2
?

∫ R?

0
s ds

∫ π

0
Iρ
(√

r 2+ s2+ 2rs cosθ
)

dθ. (12)

In Fig. 2 we present occultation lightcurves computed w
Eq. (12) and produced by a 200-m (top) or a 1-km (bottom) KB
radius (within the two cases, a Fresnel scale of 1 km), for s
eral different apparent stellar radii. As expected, the diffract
fringes are strongly smoothed when the apparent stellar si
larger than the KBO itself. An apparent stellar size of 2 km
duces the largest diffraction effect of a 200-m (1-km) occult
KBO to only about 2% (30%) of the star light instead of mo
than 10% (90%) with a small apparent stellar disk or a po
source. The diffraction with a 10-km apparent star disk is
longer perceptible in this figure (though there is a 1% decre
in the light intensity for the 1-km object, which is simply th
ratio of the areas, i.e., as the object transits the star disk).

3.3. What Could Be Finally Detected Thanks to Diffraction?

From the previous discussion, it appears that the diffrac
effect during a stellar occultation by a KBO (and more genera
by any small object in the Solar System) will depend as us
on its size and on the apparent distance from the star to
object (the impact parameter), but also strongly on the appa
stellar radius and on the Fresnel scale–that means, (i) tha
star has to be well selected to optimize its apparent size and
at the observed wavelengthλ, and (ii) that such observation
will generally need another means of estimating the dista
D of the occulting object we are dealing with. We will retu

later to these two points, but if we assume these observational
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is is the
alf
FIG. 1. The shadow pattern of a 1-km radius KBO in front of a point star. The two horizontal axis are distances in kilometers and the vertical ax
normalized stellar flux. (Top) The KBO is circular. (Bottom) The KBO is irregular (the limb is∼6% corrugated) and elliptical (the eccentricity is 0.7 and the h
major axis is4 km, such that2 <ρ < 4 km). The projected contours show the±4% variation of the light intensity (the black filled areas correspond to+4%, i.e.,
3 3 3
I > 1.04). The gray central spot indicates the exact geometric shadow of the KBO.
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DETECTION OF KUIPER BEL

FIG. 2. Occultation profiles of a 200-m radius KBO (top) and a 1-km rad
KBO (bottom), smoothed on different sized stars, for a 1-km Fresnel scale
apparent stellar radii are 0 (thin black curve), 100 m (dark blue), 500 m (
1 km (purple), 2 km (cyan), 10 km (yellow).

parameters have been fixed, the ability to detect or not dete
object of a given size will then only depend on the photome
precision of the instrument.

To show this dependence in the most general way poss
Figs. 3a to 3e give the isolevels of fluctuation, that is, the m
imum amplitude of the fluctuation of the stellar intensity,
a function of the real radius of the object and of the dista
from the star to its center, both expressed in Fsu (and bot
logarithmic scale). Each figure corresponds to a given appa
stellar radius (i.e., when projected in the occulting object pla
R?, which is 1/10, 1/2, 1, 2, and 10 Fsu, respectively. On ea
figure, the gray zones correspond to the geometric shadow
dark gray is the complete occultation zone and the light gra
the partial occultation zone.

Using Figs. 3a–3e, we may now define the diffraction shad
for a given sensitivityε as the region where the diffraction fringe
can be detected:ρε(ρ, R?) will denote the radius of the diffrac
tion shadow of a given object (called “diffraction radius” he
inafter), which can be seen as the “occultation effective rad
of the object for a given star and a given photometric sensitiv

That is, on each figure, the isocontour of levelε simply yields
OBJECTS BY OCCULTATIONS 535
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the diffraction radiusρε as a function of the real radius obje
ρ. Finally, let us note that Figs. 3a–3e also yield the smal
detectable objectρlim for a given star radiusR? and a given sen-
sitivity ε: it is the minimum reached by an isocontour of levelε.

Two points must be outlined from Figs. 3a–3e since they w
have important consequences on the KBOs occultation rate c
putation, and more generally on photometric observation
stars in the ecliptic:

1. The diffraction shadow is generally much larger than
geometric shadow, and this “shadow broadening” is more p
nounced as the apparent stellar disk size decreases an
photometric sensitivity increases. Moreover, one can se
Figs. 3a–3e that the broadening due to diffraction is abo
factor 1000 around or slightly below theε= 10−4 isocontour:
that means, by comparison with the 10−6 KB optical depth es-
timated in Section 2 (assuming a density given by Eq. (4)),
the stars of the ecliptic could have their light perturbed at
amplitude level within the range∼[10−5, 10−4]. Although such
a fluctuation level is on the order of those due to star seis
pulsations, it should not perturb the seismological observati
each occultation event is brief (typically less than 1 s), su
that it involves frequencies∼>1 Hz, compared to frequencies o
1 mHz and below typical of asteroseismology.

2. The apparent stellar radius,R?, is a critical parameter, es
sentially because the occultation lightcurve is smoothed on
stellar disk, and this smoothing effect drastically increases
size of the smallest detectable objects (see Table I), while it g
erally reduces the diffraction radius: For a 1-Fsu object rad
and a 10−3 photometric sensitivity,ρ10−3 ' 18 Fsu for a quasi-
point star,ρ10−3 ' 7 Fsu for a 1-Fsu star apparent radius, a
ρ10−3 ' 10 Fsu for a 10-Fsu star, since in this case, the light fl
tuation reduces (ρ/R?)2 (as in Eq. (6)) due to the simple trans
of the object over the stellar disk (that is, the geometric par
occultation of the star).

4. THE STATISTICAL RATE OF A REALISTIC
OCCULTATION BY KBOs

In Section 2, we defined the statistical rate of occultation
the probability of intersection in the sky plane of the star d
with the KBO’s diffraction shadow. The diffraction shadow, for
given sensitivityε, has been defined in the previous section as
disk of radiusρε(ρ, R?), and given graphically (in Fsu) for som
R?. Therefore, the computation of the statistical rate of occu
tion remains basically the same as that in Section 2 except

(i) We must express the differential size distributionν given
by Eq. (3) per squared Fresnel scale unit (instead of sterad
Then, by integratingν in D between 30 and 50 AU, we obtai
the mean KBO density per square kilometer:

δ(ρ, i ) = 1.4 10−8 (1+ sin2 H )
e
−i
H (q − 1)ρ−q, (13)
H
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FIG. 3. Isocontours of the maximum amplitude variation of the normalized flux of a star occulted by an object, as a function of the distance from th
sight to the KBO center (horizontal axis) and of the real object radius (vertical axis). The four nonlabeled thin contours are theε isolevels forε = 4× 10−4,−3,−2,−1.
The gray zones correspond to the solution from geometric optics: the dark zone corresponds to a complete occultation and the light gray to a partial occultation. The

figures were computed with different star sizes, namely with an apparent star radius of (a)1

10

√
λD/2, (b) 1

2

√
λD/2, (c)

√
λD/2, (d) 2

√
λD/2, and (e) 10

√
λD/2.
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whereρ is expressed in kilometers, andi andH are expressed
in degrees.

(ii) We must substitute the term into Eq. (1) taking into a
count the geometric partial occultation radius (ϕ+8?) by the
diffraction radiusρε(ρ, R?), all expressed in Fresnel scale uni

We finally obtain an occultation statistical rate as

Nocc(R?, i ) ≈ 10−4vo1t(
√
λD/2)2−q (1+ sin2 H )

H
e
−i
H (q− 1)

×
∫ 200

ρlim

ρ−qρε(ρ, R?) dρ, (14)

wherevo is expressed in kilometers per second,1t in hours,
λ and D in kilometers, and all other distances in Fresnel sc
units. ThenN (R , i ) needs to be numerically estimated usi
occ ?

the graphical values ofρε(ρ, R?) andρlim given by Figs. 3a–
c-

s.

ale
g

3e: Some numerical results are summarized in Table I, wh
gives the occultation rate per 8 h observation in the ecliptic an
the radius of the smaller detectable KBOs as a function of
stellar radius and the rms signal fluctuationσ (with a detection
thresholdε= 4σ ), for a power law index of the size distributio
q= 4. For comparison with the purely geometric rate given
Eq. (8),Nocc now varies roughly asσ−2 (for approximate stellar
radii8? < 0.01 mas), while Eqs. (8) and (14) yield roughly th
same rate for the largest stars.

The most important result from Table I is that the number
occultations for a star in the ecliptic could range from a few
several tens per night if we have good enough photometric
cision (i.e.,<1%) and a sufficiently small star (i.e.,<0.01 mas).
This result is basically due to the diffraction broadening of sm
(assumed numerous) Kuiper belt objects.

Nevertheless, we must keep in mind the assumptions conc

ing the population of KBOs which lead to the numbers of Table I:
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FIG. 3—Continued
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TABLE I
Occultation Rate per Night (with the Minimum Size of Detectable KBO) as a Function of the Photometric Precision σ and the Stellar

Radius R? Projected at 40 AU (with Its Angular Radius Φ?), for a Differential Size Distribution of KBOs Varying as ρ−4

R?[8?]= 0.1 km [0.003 mas] 0.5 km [0.017 mas] 1 km [0.034 mas] 2 km [0.07 mas] 10 km [0.34 m

σ = 0.1 0.01 (430 m) 0.006 (530 m) 0.004 (550 m) 8× 10−4 (1.1 km) 3× 10−5 (6.3 km)
σ = 0.05 0.06 (280 m) 0.03 (320 m) 0.01 (340 m) 0.003 (780 m) 8× 10−5 (4.5 km)
σ = 0.01 2 (120 m) 0.5 (130 m) 0.2 (140 m) 0.05 (280 m) 1× 10−3 (2 km)
σ = 0.005 6 (80 m) 1 (90 m) 0.6 (100 m) 0.2 (190 m) 0.003 (1.4 km)
σ = 10−3 85 (40 m) 17 (40 m) 7 (45 m) 3 (80 m) 0.03 (630 m)
σ = 5× 10−4 250(25 m) 50 (30 m) 20 (30 m) 8 (55 m) 0.08 (450 m)
Note.All values computed from Eq. (14), with the detection threshold set to 4σ , the Fresnel scale set to 1 km,vo= 25 km/s (opposition),i = 0◦, H = 30◦, and
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A constant slope for the differential size distribution and a rad
distribution extending to 50 AU. The sensitivity of the occult
tion rates to the size distribution can be tested by conside
another, less simple, model of the size distribution: The s
distribution with a constant slope withq= 4 implies that KBOs
smaller than 1 km radius have a collision time scale smaller t
the age of the Solar System. Then, a more realistic model
slopeq= 4 for KBOs larger than 1 km radius and a smaller slo
for smaller objects (B. J. Gladman, private communication). O
servation of impact craters on Triton leads to a population
small objects in the outer Solar System governed by an in
q= 3 for the differential size distribution (Stern and McKinno
2000). This model reduces the number of occultations, as sh
in Table II. For example, with a 0.1-km apparent star radius,
occultation rate is reduced by a factor 2 forσ = 0.05, by a factor
6 for σ = 0.01, and by a factor 20 forσ = 5× 10−4.

Whatever the model we use, the radiusρlim of the small-
est detectable object will be fixed by the observational para
tersR?, σ , and the Fresnel scale. So no information below t
lower limit of detection can be obtained from such occultat
observations. However, above this limit, since the occultat
rate is very sensitive to the distribution slope, the method can
vide strong constraints on the differential size distribution of
Kuiper belt population. We will return to this point in Section 5
since it actually depends on what and how the method is im
mented.

TABLE II
Occultation Rate per Night Computed as in Table I but with
a Differential Size Distribution Varying as ρ−3 for ρ< 1 km

R?= 0.1 km 0.5 km 1 km 2 km 10 km

σ = 0.1 0.007 0.005 0.003 8 10−4 3 10−5

σ = 0.05 0.03 0.01 0.008 0.003 8 10−5

σ = 0.01 0.3 0.1 0.06 0.02 10−3

σ = 0.005 0.7 0.2 0.1 0.06 0.003
σ = 10−3 5 1 0.7 0.3 0.02
σ = 5 10−4 11 3 1 0.7 0.05
Note.All other parameters set as in Table I.
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5. HOW TO IMPLEMENT AND OPTIMIZE THE SEARCH
FOR OCCULTATIONS BY KBOs

Our conclusion is thus that the search for occultations
KBOs using high-precision photometry is probably the only to
for exploring the small objects of the Kuiper belt. It is therefo
important to discuss which observational parameters are ne
sary and/or possible to fit and what are the available facilities
implement and optimize such a method.

5.1. Optimizing the Apparent Stellar Size
and the Apparent Velocity of KBOs

Let us first discuss what are the best stars for occultation
KBOs: as already said, the diameter of a typical star, projec
at 40 AU, is between 0.1 and 100 km. As we saw in Section
the smaller the occulted star, the smaller the smallest detect
KBO, and because small KBOs are more numerous, the lar
the occultation rates. The small stars will thus be good can
dates to detect KBOs especially if they are bright enough
provide a good signal-to-noise ratio. For a given magnitude,
blue stars are smaller than the red ones (see Table III): an
star ofMV = 12 has a projected radius of 100 m. For the sam
magnitude, an M5 star has a projected radius of 10 km.

In addition to the apparent size of the star, a critical obs
vational parameter is the data acquisition frequency. As see
Section 2, the relative velocityvo of the KBOs with respect to the
star varies from a few to 25 km/s. Then the occultation leng
which is roughly∼2ρε/vo, is for most of them a fraction of a
second. The quadrature direction can be exploited as propo

TABLE III
Apparent Stellar Radii at 40 AU as a Function of the Spectral

Class and Magnitude MV

MV= 8 10 12 14

M5 star 50 km 20 km 8 km 3 km
F5 star 4 km 2 km 700 m 100 m
O5 star 800 m 300 m 100 m 50 m
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by Brown and Webster (1997) to search for occultations las
several seconds. However, in this direction the occultation ra
lower than that toward the opposition sinceNocc∝ vo. So, if we
use a photometer of sufficiently high speed, we will increase
chances of detecting KBOs by observing toward the opposi
Moreover, the frequency necessary to observe the diffrac
fringes must be larger thanvo/

√
λD/2. For visible wavelength

this minimum frequency varies from 1 to 20 Hz, which requi
high-speed photometry.

5.2. Implementation Using High-Speed Photometry

High-speed photometric observations of stars have been
veloped to study rapidly evolving phenomena such as oc
tation by Solar System objects or asteroseismology. A c
plete analysis of the perturbations in a high-speed photom
lightcurve and in occultation lightcurves, in particular, can
found in Warner (1988). If the star is not too faint, the noise
a high time resolution lightcurve is dominated by scintillati
which affects the stars independent of their brightness. The
signal fluctuation observed with a telescope with a diameterd at
an altitudeh above the sea level can be written as (Young 19
σ = S0d−2/3X3/2e−h/H0(2τ )−1/2, (15)

0-Hz

with different instruments and/or observing different stars could
FIG. 4. Occultation rate per night as a function of the power law indexq of the KBOs size distribution for 2-, 4-, and 8-m telescopes equipped with a 2

photometer when observing an O5 star (under optimal conditions) of visua
MONCUQUET
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whereX is the airmass,τ is the integration time,H0 is taken to
be 8 km,S0 is a constant equal to 0.09 for conditions of good
seeing,d is in centimeters, andτ is in seconds.

For τ = 1 s, the rms fluctuations on a 2-m class telesco
is roughly 3× 10−3 under optimal conditions. According to
Table I, this will allow us to detect (at 4σ ) subkilometer ob-
jects. The largest ground-based telescopes (i.e., the 10-m c
telescopes) allow us to marginally reachσ ≈ 10−3 and then to
detect about 40-m radius KBOs (see Table I).

Some useful results, concerning the 2-, 4-, and 8-m class t
scopes when observing O5 class stars for two magnitudes
or 10), are summarized in Fig. 4, where we have plotted
occultation rates per night as a function of the power law
dexq of the subkilometer KBO size distribution (withq= 4 for
ρ >1 km as in Table II). We have also indicated in this figure, f
each telescope diameter, the approximate radius of the sma
detectable KBO. In each case,Nocc is computed for optimum
observing conditions, i.e., O5 stars, observed from good si
in the ecliptic and at the opposition, with telescopes equipp
with a sufficiently rapid photometer (at least 20 Hz). Figure
shows thatNocc increases exponentially withq, but this variation
also strongly depends on observational circumstances: We
thus expect that an observation campaign on various sites an
l magnitude 12 (bold lines) or magnitude 10 (thin lines).
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provide by cross-checking a good estimation ofq concerning
these elusive small KBOs. One can also see in Fig. 4
important the choice of star is when implementing the se
for occultations by KBOs: For example, the decrease in oc
tation rate is roughly the same when passing from an 8- to a
telescope with an O5 star of 12th magnitude as when pas
from a 12th to a 10th magnitude O5 star with an 8-m telesc

Let us finally remark that, in Tables I and II, theσ = 5× 10−4

case is unreachable from the ground, but might be achievab
space, if we obtain fast enough photometry on such space
ities (present or future). In this case, the number of occultat
could indeed be spectacular and decisive for our knowledg
the Kuiper belt size distribution.

5.3. KBOs Research Using a CCD Camera

A possible approach for detecting KBOs by occultation
to observe several stars simultaneously for as long as pos
This requires the use of CCD cameras. The advantage of
cameras over photometers is that the probability of detectio
multiplied by the number of stars; the limitation comes fr
the reduced acquisition frequency, which cannot, presentl
larger than a few hertz.

A program dedicated to the detection of KBOs has been
veloped in Taiwan, the Taiwan American Occultation Sur
(TAOS) team, which deploys a set of small telescopes alo
7-km east–west baseline. These robotic 50-cm telescopes e
ped with CCD cameras will automatically monitor 3000 sta
They expect to detect ten to thousands of events per year
http://www.taos.asiaa.sinica.edu.tw).

Another possible tool for exploring the Kuiper belt is the sp
satellite COROT, a French mission of CNES dedicated to as
seismology and studies of exoplanets by transit. To achieve
COROT will perform high-precision photometric observation
several thousands of stars with a 25-cm telescope equipped
CCD cameras. The two fields, corresponding to the two
grams, have slightly different optics. The two main progra
will record continuously the same fields for six periods of fi
months, separated by one-month periods which can be use
complementary programs. The asteroseismology program
record a few very bright stars with an acquisition frequenc
1 Hz. The number of KBOs detected during this program wil
limited by the large size and the small number of stars. With
above hypothesis concerning the KBO’s size distribution,
detection rate will vary from one to one hundred per month,
pending on the direction of observation. KBOs larger than 20
can be detected. The extrasolar planets program will record t
sands of stars. However, the minimum integration time wil
30 s. Hence the detection rate will be limited to 0.5 to 50
month and the smallest detectable KBO will be 1 km. A progr
dedicated to the research of KBOs would record 100 stars
a frequency of 1 Hz and could detect 250 events per day. A
month program could determine the spatial distribution and

size distribution of the objects (Roques 2000).
OBJECTS BY OCCULTATIONS 541
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6. THE VALIDITY OF THE DETECTION

The main limitation of this method is the uniqueness of
occultation. It is not possible to redo an observation to ve
the reality of the detection. Moreover, the objects detecta
with this method are mostly undetectable by other techniq
Then the question is: How can we be sure we have detecte
occultation by a KBO and not an asteroid, a comet, or a bird
an electric discharge?

This question has already been encountered during studi
planetary rings. The Uranus and the Neptune ring system, u
tectable from the ground until recently, have been discovered
explored by stellar occultations. The reality of an occultation
the Uranus rings have been confirmed by the symmetrical
observed on the two sides of the planet, but the incomplete
of Neptune have been much more difficult to catch. To asses
reality of an arc detection, the observations were conducte
two nearby telescopes. Some occultations provided arc pro
with S/N ratio good enough to fit the dip with a semitransp
ent bar model and reject the hypothesis of a solid body (Sica
et al.1991).

During planetary occultations, isolated events were often
served with one telescope but withS/N not good enough to fit
them (Nicholsonet al.1990). One of them has been confirm
by simultaneous detection with nearby telescopes during an
cultation by Uranus. It has been analyzed as the occultatio
a 1.4-km object near Uranus (Sicardyet al. 1986). Using the
present work, we found that the probability of occultation
KBOs during such observations was some tens of percen
night. Then, several isolated events observed during the pl
tary occultations could be due to KBOs.

Different methods can be used to asses the reality of the
cultation and to possibly discriminate an occultation from a fa
event or an occultation by another object in the Solar Syste

• As for planetary occultations, the reality of an occultati
can be confirmed by simultaneous observation from nearby
scopes, or with multiobject photometers. However, this does
allow us to determine the distance of the occulting object.
• The direction of the shadow motion can also be used

done by the TAOS team who validate the event by succes
detections by telescopes spaced a few kilometers apart o
east–west baseline.
• Table IV shows the parameters of the occultations in te

of the distance of the occulting object. The minimum size of
tectable objects (last column) shows that asteroids of a few
of meters could be detected. However, the asteroid popula
is probably 105 times less numerous than the KBO populatio
Then, even if smaller objects are involved, the probability of
cultation by KBOs is a thousand times larger than by astero

The velocity of a KBO in the sky plane for a given dire
tion depends on the distance of the occulting object (Eq. (
The probability of occultation is minimal and the duration

the occultation is maximal toward the quadrature, that is, 81◦
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TABLE IV
Occultation Parameters—Fresnel Scale Fsu, Quadrature Direc-

tionω, Apparent Velocity vo at the Opposition, and Object Size Limit
of Detectability ρlim —for Various Heliocentric Distances DAU of the
Occulting Object

DAU Fsua ω[quad.] vo[opp.] ρlim
b

3. 245 m 55◦ 13 km/s 25 m
40. 1.1 km 81◦ 25 km/s 130 m

100. 1.7 km 84◦ 27 km/s 200 m
103 5.5 km 88◦ 29 km/s 700 m
104 17 km 89◦ 30 km/s 4 km
105 55 km 90◦ 30 km/s 55 km

a At 0.4µm.
b Detected at 4σ for σ = 1% and8?∼ 0.003 mas.

from the opposition for objects at 40 AU from the Sun, but
direction of the quadrature changes with the distance of the
culting objects: When several events are detected, the nu
of events with respect to the direction of observationω can be
used to infer the distance of the population of occulting obje
The high occultation rates estimated above for large telesc
make these speculations plausible.

• If an occultation is observed at different wavelengths,

−q
profiles are different (see Fig. 5), and the comparison of the dip

FIG. 5. Synthesized lightcurve of the occultation of a star by a 0.2-km KBO observed at 0.4µm (upper curve) and 1.2µm (lower curve). The star radius

bution∝ρ with a constant indexq= 4 (Table I); with a double
projected at 40 AU is 0.3 km and the noiseσ = 1%.
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profiles could give information on the Fresnel scale and, th
on the distance of the occulting object.
• An occultation profile on a unique lightcurve with a hig

S/N and high-speed acquisition should exhibit the diffracti
fringes (see Fig. 6 and Roques 2000). These features may b
alyzed to retrieve the Fresnel scale and thus provide the dista
of the occulting object (this analysis, like the previous poi
is not in the scope of the present paper and will be carried
elsewhere).

7. SUMMARY AND FINAL REMARKS

In summary, here are the main points treated in the pres
paper:

—A model of the occultation phenomenon is derived taki
diffraction into account: This diffraction greatly broadens th
size of the KBO shadow (Section 3). The occultation rates co
puted with these diffracting models are much larger (Section
than those computed only using the geometric shad
(Section 2). We therefore expect the number of valid occ
tations (defined as a 4σ event) to increase from a few to sever
tens per night, if we obtain an rms signal fluctuationσ ∼< 1%
and observe stars in the ecliptic with angular radius∼<0.01 mas.

—Occultation rates are computed for a differential size dis
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FIG. 6. Synthesized lightcurve of a stellar occultation observed with high photometric precisionσ = 0.001 and exhibiting diffraction fringes. The objec

radius is 40 m and the star radius is 100 m, both projected at 40 AU. The acquisition frequency is 20 Hz and the object apparent velocity is 3 km/s.
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index differential size distribution,q= 4 for objects larger than
1 km, and for subkilometer objects,q varies from 2.5 to 4.5
(Fig. 4). The differences between the occultation rates for
ferent sites, instruments, or occulted stars show that, with sev
occultation data sets, it should be possible to provide a good
timation ofq for the small KBOs.

—The main limitation of the photometric precision com
from the scintillation of the star, which remains about the sa
to a visual magnitude of∼12. The blue O5 stars are the best ca
didates for detecting KBOs since they have the smallest ang
radius (∼100 m at 40 AU) for 12th magnitude.

—Stellar occultations by Solar System small objects invo
very rapid fluctuations of the stellar flux (∼>1 Hz), so that rapid
photometry must be used. Moreover, the occultation events
shorter but more numerous when observed in the antisola
rection, so we may optimize the detections of KBOs with
high-speed photometer (∼>20 Hz).

—In the near future, observations with the French space m
sion COROT will provide an excellent opportunity to explo
the Kuiper belt using this occultation research method.

We have shown here that stellar occultations can dete
population of very small objects, invisible by other observat
methods, and that these detections can be statistically expl

if the population has a sufficient surface density on the sky
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particular this is the only method for detecting the populati
of small (subkilometer-sized) KBOs which should contain mo
of the mass of the Kuiper belt. Let us note however that s
an observation of serendipitous occultations is not a discov
of each occulting object because the orbit of the object rema
unknown. In other words, this method allows us to explore
population as a whole, but not the individual objects.

We foresee two ways to extend the present work: On one h
the simultaneous observation of an occultation at two differ
wavelengths provides events of different depth, which could
low us to retrieve the Fresnel scale and then to determine
distance of the occulting object. On the other hand, if we co
obtain both high-speed and high-precision photometric ob
vations (on a telescope>5 m or from space), we could observ
the diffraction fringes of each occultation event and identify
dividually, instead of statistically, the occulting objects. In th
case, we could deduce the object size and location by fitting
occultation model to the precise light profile of the event. Th
occultation could also be used to explore other small body po
lations in the Solar System,a priori more rare in the sky than the
KBOs, such as asteroids or comets in the Oort clouds, or sm
bodies possibly confined as a nest of gravitational stability
the Lagrangian points of the planets. It is currently very diffic
to evaluate the probability of observing occultations by su
. Inobjects but we think these points deserve further investigation.
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