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Sub-Fresnel-scale vertical resolution in atmospheric 
profiles from radio occultation 
E. Tuna Karayel and David P. Hinson 
Center for Radar Astronomy, Stanford University, Stanford, California 

Abstract. We have investigated the vertical resolution that can be achieved in 
atmospheric profiles retrieved from radio occultation measurements. The results are based 
on forward simulations of radio wave propagation through model atmospheres using the 
multiple phase-screen method. We find that profiles retrieved through Abel inversion, the 
standard algorithm derived from geometrical optics, have a vertical resolution that is 
diffraction-limited, as expected. To overcome this limitation, we have developed an 
advanced retrieval algorithm, which is based on scalar diffraction theory and properly 
accounts for diffraction effects. We demonstrate that the method is capable of retrieving 
accurate refractivity profiles at sub-Fresnel-scale resolution for Mars- and Earth-like 
atmospheres. It also provides a natural means for deciphering multipath propagation 
effects. The method seems capable of enhancing resolution by a factor of 10 beyond the 
diffraction limit. In one simulation involving an Earth-like model atmosphere the 
algorithm successfully retrieved a profile in which the refractive index changed by 10 -5 
over a vertical scale of 250 m. The maximum vertical gradient of refractive index within 
this small-scale feature was about 0.8 x 10 -7 m -1. For comparison, critical refraction 
occurs for a gradient of about 1.6 x 10 -7 m -1. The feature was embedded in a smooth 
refractive index profile at the level where the pressure and mean refractive index were 42 
kPa and 1.00013, respectively. Total refractive bending for a ray that grazed this level was 
0.01-0.02 rad. 

Introduction 

Radio occultation experiments have played a 
prominent role in solar system exploration for nearly 
30 years. They have contributed uniquely to studies of 
the atmospheres of terrestrial planets (Venus and 
Mars), gas giants (Jupiter, Saturn, Uranus, and Nep- 
tune), and outer-planet satellites (Io, Titan, and 
Triton). This experience has yielded an accurate and 
reliable technique for remote sensing [e.g., Tyler, 
1987]. 

The conventional algorithm for retrieving atmo- 
spheric profiles from radio occultation measure- 
ments, Abel inversion, is based on the laws of geo- 
metrical optics [Fjeldbo et al., 1971]. The method 
ignores diffraction effects, so that retrieved profiles 
have a vertical resolution that is diffraction-limited to 

about the diameter of the first Fresnel zone [e.g., 
Fjeldbo and Eshleman, 1969]. When defocusing is 
negligible, this is roughly 2(XD)1/2, where X is the 
wavelength of radiation and D is the spacecraft-to- 
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planet distance. In typical experiments, 2(AD) 1/2 • 1 
km, much smaller than an atmospheric scale height. 

Fresnel-scale vertical resolution, though impres- 
sive, is not sufficient for some objectives, and no 
method previously existed for overcoming the basic 
diffraction limit inherent to Abel inversion. With this 

motivation we have developed the first data inversion 
algorithm that, by properly accounting for diffraction 
effects, allows retrieval of atmospheric structure at 
sub-Fresnel-scale resolution in atmospheres as dense 
as those of Mars and Earth. Potential applications 
include studies of the near-surface boundary layer of 
Mars in the upcoming Mars Global Surveyor (MGS) 
Mission [Tyler et al., 1992] and of the ionospheres of 
Jupiter and Io through distant radio occultations of 
the Galileo orbiter [Howard et al., 1992]. In addition, 
the radio occultation technique is now being applied 
for the first time to Earth's atmosphere using signals 
transmitted by satellites of the Global Positioning 
System (GPS) and received by another satellite orbit- 
ing at a lower altitude [Kursinski et al., 1996; Ware et 
al., 1996]. More detailed investigations of fine struc- 
ture near the tropopause and of the boundary layer 
adjacent to the surface should now be feasible. 
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Spacecraft Frajectory 

Figure 1. Idealized radio occultation experiment geome- 
try. The ray path (solid line) and asymptotes (long-dashed 
lines) are shown for a ray with periapse p and impact 
parameter a. Refractive bending produces a deflection 
between the ray asymptotes by an angle a. The spacecraft is 
moving along the x direction, perpendicular to the incoming 
rays, at a distance D behind the planet. The coordinate 
origin is at the center of the planet. 

As part of this research, we conducted accurate 
numerical simulations of radio occultation experi- 
ments. The simulated data were essential to develop- 
ing and testing our advanced retrieval algorithm, but 
the forward simulations are potentially important for 
another reason. To date, the GPS receiver carried by 
the MicroLab 1 satellite has generally failed to ac- 
quire data in the lowest several kilometers above 
Earth's surface, except at high latitudes [Kursinski et 
al., 1996; Ware et al., 1996]. The receiver is apparently 
not capable of handling the complex signal dynamics, 
including diffraction and multipath, associated with 
abrupt, water-induced, vertical variations in refractive 
index. Simulations like the ones presented here can 
guide the design of advanced receivers for future 
satellites. 

The paper is organized as follows. We begin by 
describing the conventional Abel-inversion algorithm. 
After introducing the atmospheric models used in our 
numerical simulations, we explain an accurate 
method, based on a multiple phase-screen (MPS) 
representation, for modeling the propagation of elec- 
tromagnetic waves through a planetary atmosphere. 
The use of multiple phase screens represents a signif- 
icant improvement over single-screen models of plan- 
etary atmospheres used in previous forward simula- 

tions [e.g., Haugstad, 1978; French and Lovelace, 
1983]. We then apply the MPS method to simulate 
occultation measurements for Mars- and Earth-like 

model atmospheres, and we address the question of 
vertical resolution through Abel inversion of the 
simulated data. The vertical resolution of the re- 

trieved profiles is shown to be diffraction-limited, as 
expected. Finally, we present a more general retrieval 
algorithm, which can overcome this limitation by 
properly accounting for diffraction effects, and we 
discuss its limitations. 

Propagation and Retrievals 
Within Geometrical Optics 

The wavelength • of signals used in typical radio 
occultation experiments is 1-20 cm, much smaller 
than the characteristic spatial scale of the atmo- 
spheric structure being measured. Consequently, the 
traditional method for retrieving atmospheric profiles 
from these measurements is based on the theory of 
geometrical optics, the limiting form of Maxwell's 
equations when • ---> 0 [Born and Wolf, 1986, pp. 
109-132]. This section introduces the geometrical 
optics framework and briefly describes the basic 
retrieval algorithm, known as Abel inversion. 

Figure 1 shows the experiment geometry. A trans- 
mitter radiates an unmodulated, monochromatic sig- 
nal, which passes through a planetary atmosphere and 
is received by a spacecraft moving along its trajectory 
at a distance D behind the limb. In the limit where 

X --> 0, the electromagnetic radiation can be described 
geometrically as following distinct ray paths. The rays 
arriving at the planet's atmosphere are nearly parallel 
to each other (i.e., the wave fronts are nearly planar) 
due to the relatively large transmitter-to-planet dis- 
tance. Refractive index generally decreases with ra- 
dius in the neutral atmosphere, which causes a ray to 
bend by an angle a toward the planet. The closest 
approach distance of the ray to the center of the 
planet is defined as the ray periapse p. If the refractive 
index varies only with radius, both ray asymptotes will 
be at the same distance from the center of the planet. 
This distance is defined as the impact parameter a. 

Throughout this paper we will use a cylindrical 
model for the planet's atmosphere such that there is 
no variation in the y direction, perpendicular to the 
plane of Figure 1. This simplifies the numerical 
simulations and reduces computation time. For a 
spherically symmetric atmosphere, the only variations 
in the y direction would be the result of limb curva- 
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ture and would not cause any significant change in 
our results. 

The spacecraft makes a series of phase measure- 
ments, qb(x), of the electromagnetic field as it moves 
along the observation line, which is assumed to be 
perpendicular to the incoming rays for simplicity 
(Figure 1). The derivative of qb with respect to x is 
determined by the local orientation of the wave fronts 
arriving at the spacecraft, which leads to the relation 

dqb 
a = sin -1 . (1) 

The impact parameter can then be obtained from the 
experiment geometry: 

a = D sin a +x cos a. (2) 

Equations (1)-(2) allow phase measurements to be 
reduced to bending angle as a •un,•d, of impact 
parameter. 

Conversely, the phase qb and amplitude A can be 
obtained from a(a). From (1), 

(b(x) = -•- sin a dx (3) 

when qb(o•) is set to zero as a reference. To calculate 
the amplitude, we compare the distance between two 
rays before entering the atmosphere, Aa, with their 
separation at the observation line, fioc cos a. The 
amplitude observed by the spacecraft is 

1 da) 1/2 A(x) = co• a ax ' (4) 
where the incoming wave fronts are assumed to have 
unit amplitude. Substitution from (2) yields the geomet- 
rical optics result for A(x) in the cylindrical geometry: 

A(x) = ( •a) •/2, (5) da 
1-L 

where L -- D cos a - x sin a (cf. Figure 1). In 
addition to changing the signal amplitude, refractive 
focusing or defocusing also causes distortion of the 
Fresnel zone to a noncircular shape [e.g., Haugstad, 
1978]. Its radius in the z direction becomes 

(AD) 1/2 
da 

1-L 

(6) 

We will refer to rf as the Fresnel scale for short. 
For a spherically or cylindrically symmetric atmo- 

sphere the geometrical-optics relationship between 
a(a) and refractive index as a function of radius, 
/x(r), takes the form of an Abel transform [Fjeldbo et 
al., 1971]: 

f t,,• d In/x dr a(a) = -2a dr [(/xr)2 _ a211/2. (7) 
For a specific ray with asymptote a • and periapse p•, 
inversion of (7) yields 

f a • a(a) •r In •(Pl) -- (a 2 _ a•2)1/2 da (8) 1 

where 

al 

Pl /-•(Pl) ' (9) 
Thus a refractive index profile can be retrieved from 
a(a) through use of (8)-(9). For a general discussion 
of the Abel transform and its properties, see 
Bracewell [1986, pp. 262-266]. The vertical resolution 
of profiles retrieved through Abel inversion is roughly 
2rf [cf. Hinson and Magalh•es, 1991]. 

Knowledge of the refractive index profile together 
with the atmospheric composition yields the mass 
density profile. Pressure and temperature profiles can 
then be obtained by assuming hydrostatic balance and 
using an equation of state [e.g., Fjeldbo and Eshle- 
man, 1968]. 

An exact Abel transform pair [a(a), /x(r)] appro- 
priate to represent planetary atmospheres is known to 
exist [Eshleman, 1973, 1989]: 

a = Q , (10) 

(l + v)qln(l + .)=(•) q (11) 

where v-- /x - 1 is refractivity, q and R are 
constants, and 

Q 2•1/2 F[(q + 1)/2] -= . (12) r(q/2) 

With appropriate choices for q and R the expression 
for v(r) corresponds to a nearly isothermal atmo- 
sphere with scale height H • R/q. These formulas 
will be used to test the accuracy of forward simula- 
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Figure 2. Temperature profile used to represent the back- 
ground terrestrial atmosphere. Temperature was calculated 
from refractivity by assuming a dry atmosphere and using 
the hydrostatic equation and the ideal gas law. In calculat- 
ing altitude the radius of Earth is assumed to be 6378 km. 

tions and to represent the background structure in the 
atmosphere of Mars. 

Atmospheric Models 
The atmospheric models used in our numerical 

simulations consist of a small-scale structure of vari- 

able size superimposed on a smoothly varying back- 
ground. The reftactivity profile is given by 

v(r) = vo(r) + v] (r) (13) 

where •'0 is the background structure and •'1 is the 
small-scale variation. To simplify our initial simula- 
tions, we used (11) to represent •,0(r) on Mars. We 
required a more accurate model for •,0(r) in the 
terrestrial atmosphere, which we obtained by fitting a 
seventh-order polynomial in log10 •, versus height to a 
standard model atmosphere for June at 40øN latitude 
[Houghton, 1977, p. 173]. The temperature profile 
corresponding to this fit is shown in Figure 2. 

The small-scale feature takes the form 

Ar 

O, r-ro>•- 

{ ]} An rs ,r(r- r0) IF- r01 <- v] (r) = -•- 1 - sin A• 2 
Ar 

l,'s, F -- F 0 • 2 

(14) 

It consists of a constant reftactivity •'s added below r 0 
- Ar/2 and a half period sinusoidal transition be- 
tween r o - Ar/2 and r o + Ar/ 2. In both the Martian 
and terrestrial models the reftactivity and its vertical 
gradient are continuous. 

Figure 3 shows the effect of the small-scale struc- 
ture on the temperature profile for the terrestrial 
case. The corresponding reftactivity profile closely 
resembles what is commonly observed in radiosonde 
measurements over Hilo, Hawaii, where a sharp 
change in the abundance of water vapor causes an 
abrupt change in reftactivity at an altitude of about 
2-4 km above the surface (K. R. Hardy, personal 
communication, 1995). Our model differs in that the 
change in reftactivity is attributed entirely to vertical 
variations of temperature in a dry atmosphere (Fig- 
ure 3). As the fundamental quantity retrieved from 
radio occultation data is refractive index versus ra- 

dius, this simplification had no effect on our basic 
results and conclusions. 

An example for Mars is shown in Figure 4. This 
small-scale structure in refractivity corresponds to a 
temperature inversion, whereas the pressure profile is 
not noticeably affected by it (Figure 5). This type of 
model can be used to represent sharp temperature 
inversions, which have been observed just above the 
polar caps of Mars [e.g., Lindel et el., 1979, Figure 3] 
and are also expected to occur in the nighttime 
boundary layer [e.g., Zurek et el., 1992, Figure 15]. 
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Figure 3. Terrestrial temperature profile corresponding to 
a small-scale sinusoidal feature (cf. equation (14)) super- 
imposed on the background structure in Figure 2. In this 
example, the feature is centered at r0 - 6385 km (an 
altitude of 7 km) with vs = 10 -s and zXr = 250 m. At this 
radius, v 0 - 1.3 x 10-4, and the pressure is 42 kPa. 



KARAYEL AND HINSON: SUB-FRESNEL-SCALE VERTICAL RESOLUTION 415 

A planetary surface will produce something resem- 
bling a knife-edge diffraction pattern in a radio 
occultation experiment. This can sometimes domi- 
nate the diffractive effects caused by small-scale at- 
mospheric structure, particularly if the structure is 
located within a few Fresnel zones of the surface and 

the atmosphere is tenuous. Hence, in the interest of 
concentrating on the atmospheric effects, we decided 
not to include a planetary surface in either the 
terrestrial or Martian simulations. However, we an- 
ticipate that with further development the retrieval 
algorithm described below will be capable of simulta- 
neously resolving diffractive effects caused by plane- 
tary surfaces and those caused by atmospheric struc- 
tures. 

Scalar Diffraction Theory: 
Forward Propagation 

This section describes an alternative method for 
modeling the propagation of electromagnetic (EM) 
waves through an inhomogeneous medium. This 
method accounts for effects that arise when A -7:0 and 
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Figure 5. Martian temperature and pressure profiles cor- 
responding to the refractivity profile in Figure 4. We 
calculated these profiles from the hydrostatic equation and 
the ideal gas law using the atmospheric composition mea- 
sured by the Viking landers [Owen, 1992]. 
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Figure 4. Martian refractivity profile used in forward 
simulations. The total refractivity (solid line) consists of a 
power law model for the background structure (dashed 
line) with a small-scale sinusoidal feature superimposed. In 
this example, q = 375, R = 3275 km, and the feature is 
centered at r0 = 3385 km, the mean radius of Mars, with 
v s = 10 -7 and Ar = 630 m. This model resembles Mars in 
that v - 4 x 10-6, H - 9 km, and the pressure is 560 Pa 
at r = 3385 km [cf. Fjeldbo and Eshleman, 1968]. 

is thus more general than geometrical optics. We 
restrict attention to the case where c• << 1 and 
consider atmospheres with appreciable variations in 
refractive index on spatial scales, •, such that • >> A. 
Under these conditions we can adopt the parabolic 
approximation to the EM wave equation, and we can 
treat the electric and magnetic fields of the wave as 
scalars, since polarization effects are negligible [Ta- 
tarskil, 1971]. EM wave propagation can be simulated 
accurately for this case using the multiple phase- 
screen (MPS) method [Knepp, 1983; Martin and 
Flatt•, 1988]. 

The basic idea behind the MPS method is to model 
the atmosphere as a series of thin phase screens 
separated by vacuum and to propagate an EM wave 
through these screens one by one (Figure 6). The 
initial direction of propagation is taken to be the z 
direction. The atmosphere is divided into layers that 
extend in the x direction. Each layer is replaced by a 
phase screen that represents the geometrical optics 
phase delay that would be caused by that layer. This 
phase shift is approximated as the path integral of 
refractivity along the z direction over the width of the 
layer, with the result multiplied by the vacuum wave 
number k --- 2rr/A. For layer n centered at z = Zn 
with a width of Az the phase shift is 
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Figure 6. Multiple phase-screen model. Shaded area indi- 
cates portion of atmosphere represented by phase screen 
•bn. The distance between the central screen and the 
observation line is D. 

Zn +AZ/2 q'n (x) =/c [p,(x, z) -- •] dz. 
d Zn -Az/2 

(•5) 

Let u(x, z•-) represent the complex electric field just 
prior to screen n and u(x, Zn +) represent the field 
emerging from it. The relationship between the two is 

u(x, Zn +) = u(x, z•-) exp [iC•n(X)]. (16) 

The immediate effect of each screen is to modulate 
the phase but not the amplitude of an EM wave 
passing through it. However, an interference pattern 
develops with distance as the phase-modulated wave 
propagates away from the screen, causing additional 
diffractive variations in amplitude and phase. 

Propagation between adjacent screens (i.e., 
through vacuum) can be handled accurately and 
efficiently by representing the field as a spectrum of 
plane waves. This is accomplished by taking the 
transverse Fourier transform of u(x, Zn + ) [Goodman, 
1968, pp. 48-51]: 

U(kx, Zn +) - u(x, Zn+)e-ikxx dx (17) 

where kx is the wave number in the x direction. The 
corresponding wave number in the z direction is 

kz -- (k 2 - kx 2) 1/2. (18) 

Each Fourier component experiences a different 
phase shift in propagating to the next screen: 

U(kx, Zn-+l ) = U(kx, Z;) exp (ikzAz) (19) 

where Az is the distance between adjacent screens. 
The field just before screen n + 1 is then obtained by 
combining the phase-shifted Fourier components 
(i.e., by taking the inverse Fourier transform): 

U(X, Zn+ 1) -- • S(k x, Zn+ 1)e il•xx dkx. (2o) 

Equations (16), (17), (19), and (20) represent the four 
basic steps used to propagate the field through one 
"element" of the MPS structure. The field emerging 
from the occulting atmosphere can be calculated by 
repeating these steps successively for all screens start- 
ing with the planar wave front arriving at the first 
screen. Vacuum propagation from the last atmo- 
spheric phase screen to the observation line is com- 
puted through one final application of (17)-(20), but 
with Az replaced by the distance to the observation 
line. Note that (17)-(20) are equivalent to a standard 
Huygens-Fresnel diffraction integral [Goodman, 1968, 
pp. 30-56]. 

We tested the accuracy of the MPS method by 
simulating propagation through a power law model 
atmosphere with q - 375 and R = 3275 km but no 
small-scale structure (cf. Figure 4). (The simulations 
are described in more detail in the next section.) We 
then compared the results with geometrical optics 
predictions, which can be calculated analytically for 
this case (cf. equation (10)) and should be accurate in 
the absence of small-scale atmospheric structure. The 
results from the two methods agree closely. The 
amplitudes differ by less than one part in 107 . The 
phase difference is less than 2 x 10 -4 rad compared 
to a total phase shift of ---100 ,r rad. This confirms the 
accuracy of our MPS calculations. 

Effect of Diffraction on Abel Inversion 

We are now in a position to illustrate diffraction 
effects as they occur in atmospheric occultations and 
to quantify the corresponding errors that appear in 
profiles retrieved through Abel inversion. This will be 
accomplished by first using the MPS method to 
calculate the amplitude and phase that would be 
observed during a radio occultation by an atmosphere 
containing small-scale structure. We then retrieve 
atmospheric profiles from the simulated data through 
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Abel inversion. The performance is evaluated by 
comparing the retrievals with the actual structure 
used in the forward simulations. 

We conducted a series of MPS simulations for 

Mars-like model atmospheres using four different 
values for •r (630, 250, 100, and 40 m). Parameters q, 
R, r0, and •'s were held fixed at the values used in 
Figure 4. We set D = 1750 km and • = 3.5 cm, which 
correspond to the radio occultations planned for the 
MGS Mission [Tyler et al., 1992]. 

We used 257 phase screens with a separation Az of 
7 km to represent the occulting atmosphere. This 
model can accurately predict effects caused by atmo- 
spheric structure on scales as small as t• --• 2(X&z)1/2 ..• 
30 m [cf. Hinson and Magalh•es, 1991]. Each phase 
screen consists of 32,768 discrete samples with a 
separation zSx of 5 m. With this sample spacing, 
aliasing does not occur until a wave front is tilted 
relative to a phase screen by an angle of more than 
A/(2•x) --• 3.5 x 10 -3 rad. This angle exceeds the 
refractive bending caused by the atmosphere of Mars 
by more than an order of magnitude. 

Because we are using discrete Fourier transforms 
in the MPS calculations, each phase screen is implic- 
itly periodic in the x direction [Brigham, 1974]. In this 
example, the period is 32,768 samples. The screens 
were designed to avoid artifacts produced by this 
effect. The central 25,000 samples were computed 
directly from (11), (14), and (15), while 7,768 samples 
near the screen edges were chosen to produce a 
smooth transition from one end of the screen to the 

other. This guard band suppresses the diffraction 
effects that would result from an abrupt transition. It 
also acts as a buffer against energy leaving one end of 
the screen and entering at the other. 

Figure 7 shows the amplitude of the field along the 
observation line from the MPS calculations. Note that 

defocusing by the background atmosphere has de- 
creased the average amplitude by about 2%, so that 
rf • 240 m, not appreciably different than its undis- 
torted size (cf. equations (5) and (6)). When •r = 
630 m, the scattered field is nearly free of diffraction 
and the amplitude variations are caused primarily by 
refractive effects. Diffraction effects appear in the 
form of damped oscillations when the structure size is 
250 m or smaller. These oscillations become more 

prominent as •r decreases. Although the small-scale 
structures are located at a radius of 3385 km, the 
diffraction pattern they produce is centered a few 
hundred meters lower. This shift is the result of 

refraction by the background atmospheric structure. 
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Figure 7. MPS calculations of received signal amplitude 
for four different structure sizes (/Xr = 630, 250, 100, and 
40 m). The 250-, 100-, and 40-m structures cause noticeable 
diffraction effects. 

Similar diffraction effects are present in the phase 
of the received signal. However, these are difficult to 
display because the phase oscillations due to diffrac- 
tion are small compared to the phase shift introduced 
by the background structure (--•100 ,r rad). For this 
reason we provide plots of signal frequency (Figure 
8), which is proportional to the derivative of phase 
and therefore emphasizes the diffraction effects. 

Temperature profiles obtained through Abel inver- 
sion of the simulated phase data are shown in Figure 
9. (Retrieved refractivity profiles exhibit similar be- 
havior.) The 630-m structure is retrieved accurately, 
while structure of Fresnel scale or smaller is cor- 

rupted significantly. The Abel inversion method at- 
tributes each phase oscillation in the received signal 
to a distinct structure in the atmosphere, with the 
result that the three retrievals corresponding to 40- to 
250-m scales contain temperature oscillations that 
resemble the underlying diffraction patterns. More- 
over, the retrievals fail to resolve sharp temperature 
gradients when these occur over scales of Fresnel- 
zone size or smaller. These results illustrate the 
diffraction limit to resolution inherent to Abel inver- 
sion. 

For future reference, we also ran MPS simulations 
for the terrestrial atmosphere using the model shown 
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Figure 8. Frequency shift of the scattered field corre- 
sponding to the amplitude patterns shown in Figure 7. The 
spacecraft is assumed to be moving with a velocity of 1 km 
s -• along the observation line. Diffraction effects are 
evident for the 250-, 100-, and 40-m structures. 

Scalar Diffraction Theory: 
Retrieval Algorithms 

The method of Abel inversion is based on geomet- 
rical optics [Fjeldbo et al., 1971], so it is not surprising 
that the resulting atmospheric profiles have a diffrac- 
tion-limited vertical resolution of about 2rf. How- 
ever, this limitation on resolution is not fundamental 
and can be overcome by using a retrieval method that 
accounts for diffraction effects [cf. Cohen, 1969]. One 
such method is based on the Fourier Diffraction 
Theorem [Kak and Slaney, 1988, pp. 218-234]. Al- 
though it has a solid theoretical basis, it works only 
for extremely tenuous atmospheres (e.g., Pluto). Dis- 
cussion of that method is therefore not included here. 
In this section we introduce a far more general 
method, dubbed "back-propagation," and demon- 
strate that it works remarkably well for atmospheres 
as dense as Earth's. 

The back-propagation method proceeds as follows. 
We begin by taking the Fourier transform of u(x, D), 
the complex field along the observation line, to obtain 
the plane wave spectrum U(kx, D) (cf. equation 
(17)). Next, U(kx, D) is propagated backward in the 
z direction by a distance D - b through use of (19): 

in Figure 3. We used 449 phase screens with a 
separation Az of 6.25 km. Each screen consisted of 
262,144 samples (including the guard band) with a 
separation Ax of 1 m. We set D = 2000 km and X = 
20 cm, which approximates an experiment involving 
one satellite in "low-Earth" orbit receiving signals 
radiated by GPS satellites [Kursinski et al., 1996; Ware 
et al., 1996]. The Fresnel scale (rf = 360 m) is 
significantly larger than the small-scale structure in 
the model (Ar = 250 m). Figure 10 shows MPS 
calculations of signal amplitude along the observation 
line, which exhibit pronounced diffraction effects. 
Most of the diffraction effects are confined to the 
observation position range of 6360-6370 km. Note 
also the presence of more subtle oscillations in am- 
plitude well below the main diffraction pattern. These 
are artifacts of the MPS simulation caused by the 
representation of the atmosphere as a series of dis- 
crete thin screens. We performed additional simula- 
tions using various values for Az and found that these 
artifacts can be reduced by decreasing the screen 
separation. With our current choice of 6.25 km the 
artifacts are much smaller than the main diffraction 
pattern so that their effect is insignificant (see below). 
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Figure 9. Temperature retrievals based on Abel inversion 
of simulated data. Dashed curves show atmospheric models 
used in the forward simulations; solid curves were obtained 
through Abel inversion. 
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U(kx, b) = U(kx, D) exp [-ikz(D - b)]. (21) 

An inverse Fourier transformation of the left-hand 

side yields u(x, b) (cf. equation (20)). By using scalar 
diffraction theory to implement the backward propa- 
gation our goal is to remove diffraction effects from 
the data, yielding an equivalent data set for which the 
effective value of rf has been reduced to zero. In cases 
where this backward propagation step is not sufficient 
for completely removing diffraction effects, the ad- 
justable parameter b can still be tuned to a value 
where they are minimized. We discovered empirically 
that an advantageous choice for b corresponds to L = 
0 in (5). This is the geometrical optics prediction for 
the location of unit amplitude assuming vacuum 
propagation. From Figure 1 we see that L = 0 when 
b = a sin a. The optimum choice for b generally 
satisfies b << D. 

The next step in the back-propagation method is to 
compute bending angle versus impact parameter 
from u(x, b). This can be done with (1) and (2); the 
only modification needed is to replace D with b in the 
latter. Atmospheric profiles are then obtained as in 
standard Abel inversion (cf. equations (8) and (9)). 
The back-propagation method described here, while 
not fundamentally new, represents a significant exten- 
sion of previous inversion algorithms used in atmo- 
spheric occultations. 

This back-propagation method is a simple adapta- 
tion of an approach to data inversion developed 
previously by Marouf et al. [1986] for use in radio 
occultation studies of planetary rings. In that case, the 
observation line and the ring plane are separated by 
vacuum so that the EM wave emerging from the rings 
can be reconstructed exactly from the original obser- 
vations through application of a standard Huygens- 
Fresnel diffraction integral. Our formula for back- 
ward propagation, (21), is the frequency domain 
equivalent of the Fresnel filter derived by Marouf et 
al. [1986] to implement this step. Because the rings of 
Saturn and Uranus are extremely thin, the back- 
propagated field is free of appreciable diffraction 
effects, and its phase and amplitude give a direct 
measure of the modulation imposed by the ring 
material. In this way, Marouf et al. [1986] were able to 
obtain profiles of ring opacity at radial resolutions 
that are typically 1-2 orders of magnitude smaller 
than the Fresnel scale, revealing a remarkable array 
of sub-Fresnel-scale structure including extremely 
sharp edges, narrow ringlets, bending and density 
waves, and wakes of embedded satellites. 
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Figure 10. MPS calculations of received signal amplitude 
for the terrestrial case. The small-scale structure of size 
250 m causes noticeable diffraction effects for the observa- 
tion position range of 6•60-6370 kin. The smaller fluctua- 
tions near 6350 km are artifacts of the forward simulation. 
Note that refractive defocusing has reduced the average 
amplitude by about 40%. 

The main obstacle to adapting this procedure to 
atmospheric occultations is that a planetary atmo- 
sphere is an extended medium, while a planetary ring 
is essentially planar with negligible thickness. This 
difference introduces some conceptual difficulties, 
and an important distinction needs to be made. 
Equation (21) assumes vacuum propagation, whereas 
the plane z = b to which we back propagate is 
actually within the occulting atmosphere. Hence the 
field at z = b obtained with (21) is not the same as 
what actually occurred at this location. This is not a 
problem per se, since our goal is not to reconstruct 
the true field at any key location in the experiment. 
We are attempting instead to filter the data via (21) in 
such a way that a(a) can be extracted with little or no 
interference from diffraction effects. 

The simplest case to consider is a radio occultation 
by an extremely tenuous atmosphere, such as Tri- 
ton's. Its atmosphere can be modeled accurately as a 
thin, phase-changing screen, so that the procedure 
used to remove diffraction effects from radio occulta- 

tion measurements of planetary rings is directly 
applicable. (This corresponds to b = 0 in our back- 
propagation algorithm.) Radio occultation measure- 
ments of Triton's atmosphere obtained with Voyager 
1 show clear diffraction effects caused by the surface, 
which were successfully removed from the data using 
the ring methodology [Tyler et al., 1989]. This proce- 
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Figure 11. Temperature profile retrieved through back 
propagation (solid curve). Model atmosphere used in for- 
ward simulations (dashed curve) was Mars-like with a 
40-m-scale structure. 

dure worked well for the Triton data in that the 
back-propagated field contained no noticeable dif- 
fraction fringes and the surface appeared as a sharp 
knife-edge. Tyler et al. [1989] then deduced a number 
of useful atmospheric parameters through analysis of 
the back-propagated field, including the first and 
most accurate estimate of surface pressure (---1.6 Pa). 
However, no sub-Fresnel-scale structure was actually 
observed in Triton's atmosphere. 

We tested the back-propagation inversion algo- 
rithm for the atmosphere of Mars using results from 
MPS forward simulations described above and shown 

in Figures 7 and 8. Although the refractive bending 
on Mars is ---200 times larger than on Triton, the 
optimum value for b is still very small (---0.7 km), and 
b can safely be set to zero without seriously degrading 
the results. The amplitude of the field after back 
propagation is close to unity, and both the amplitude 
and phase exhibit no significant diffraction effects. 
The retrieved temperature profile fits the actual 
profile remarkably well as shown in Figure 11 for the 
case where Ar = 40 m. The back-propagation 
method clearly overcomes the diffraction limit to 
resolution in that a structure 6 times smaller than the 

Fresnel scale is retrieved accurately. This represents a 
twelvefold enhancement over the resolution achieved 

through Abel inversion. 
We found that the back-propagation method also 

performs well in simulated occultations by the denser 
terrestrial atmosphere, in which the refractive bend- 
ing was ---50 times larger than on Mars. We began 

with the simulated data obtained by the MPS method 
for a model atmosphere with a 250-m-scale structure 
(cf. Figures 3 and 10). Figure 12 shows the amplitude 
of the field after back propagation for several differ- 
ent choices for b in (21). Residual diffraction effects 
are minimized when b •- 110 km; examination of 
phase data leads to the same conclusion. One other 
point of interest in these plots is the presence of 
oscillations at lower altitudes, which are again an 
artifact of the MPS forward simulations. These were 

also seen in the field at the observation line (cf. 
Figure 10). Back propagation reduced the magnitude 
of the artifacts considerably but did not remove them 
completely. However, these artifacts do not represent 
a limitation of the back-propagation retrieval algo- 
rithm since they would of course not be present in 
real occultation measurements. 

Figure 13 shows bending angle versus impact pa- 
rameter computed from the back-propagated field 
when b = 110 km. The retrieved temperature profile 
appears in Figure 14. The temperature errors in the 
reconstruction are less than 0.4 K within the small- 

scale structure. As in the Martian example, the back- 
propagation method appears capable of accurately 
resolving sub-Fresnel-scale atmospheric structure. 

Discussion 

Given the variation of a with a in Figure 13, a 
receiver at sufficient distance from the occulting 
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Figure 12. Amplitude of the back-propagated field for the 
terrestrial simulations (cf. Figure 10). Curves correspond to 
different values of b in (21) (0, 55, 110, 165, and 220 km 
from left to right). Amplitude scale applies to central curve 
(b = 110 km). Others have been offset by integer multiples 
of 1 for comparison. Diffraction removal is most effective 
whenb = 110km. 
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atmosphere will observe "multipath propagation," 
wherein several distinct signals with different values 
of a and a arrive simultaneously at the spacecraft. 
This corresponds to ray crossing in the geometrical 
optics view. We found through spectral analysis of the 
complex field at the observation line that multipath 
effects were indeed present in the forward simulation 
described above for the terrestrial atmosphere. It is 
possible in principle to track the multiple signals 
simultaneously because spacecraft motion causes 
each to have a different Doppler-shifted frequency. 
However, this can be difficult in practice due to wide 
differences in the amplitude of the various modes, to 
interference from thermal and oscillator noise, and to 
the presence of diffraction effects (spectral broaden- 
ing). In this regard, the back-propagation method 
provides a natural means for deciphering multipath 
propagation. The initial step of backward propaga- 
tion eliminates ray crossing while at the same time 
removing both diffraction effects and refractive defo- 
cusing (cf. Figures 12 and 13). 

We explored the limitations of the back-propaga- 
tion method by conducting a series of terrestrial 
simulations in which we varied the magnitude of the 
small-scale change in refractivity, v•, while keeping 
other parameters fixed at the values given in Figure 3. 
For each value of Vs a temperature profile was 
retrieved using the back-propagation method and 
compared with the actual profile used in the forward 
MPS calculations. The maximum temperature error 
was less than 0.2 K when Vs = 4 x 10-6 increasing 
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Figure 13. Bending angle versus impact parameter com- 
puted from the back-propagated field when b = 110 km in 
the terrestrial simulation. Diffraction fringes are essentially 
absent. 
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Figure 14. (left) Temperature profile retrieved through 
back propagation (solid curve) compared with model used 
in MPS calculations (dashed curve). (right) Difference 
between two temperature profiles on left. 

to nearly 0.4 K for vs = 10-5 (Figure 14), and 2 K for 
Vs = 1.4 x 10 -5 When Vs = 18 x 10 -5 the 
method fails. In that case, multipath is present for all 
choices of the parameter b, and a more elaborate 
retrieval algorithm is required. 

Critical refraction imposes a fundamental limita- 
tion on the refractivity gradient that can be retrieved 
from radio occultation measurements through this or 
any other method. This event occurs when the vertical 
gradient of In p• exceeds 1/r at radius r. The behavior 
of electromagnetic waves in this region of the atmo- 
sphere is analogous to total internal reflection at a 
dielectric interface, rendering the critical region inac- 
cessible to remote sounding. For the terrestrial sim- 
ulations described above, critical refraction occurs 
when Vs = 2.3 x 10-5. Comparing this constraint 
with results from our simulations, we see that despite 
its limitations, the back-propagation method is within 
striking distance of the theoretical limit of the radio 
occultation technique. 

We assumed throughout this paper that the refrac- 
tive index in the atmosphere under study is a function 
of radius alone. When this condition is violated, it is 
generally not possible to retrieve unambiguous atmo- 
spheric profiles from a single radio occultation exper- 
iment. Departures from spherical symmetry can also 
hamper attempts to retrieve profiles at fine vertical 
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resolution. For example, in the presence of significant 
topographic variations the atmospheric boundary 
layer adjacent to the surface of a terrestrial planet will 
follow the undulating terrain. Fine-scale structure of 
this sort is of course difficult to resolve with "limb- 
sounding" observations, such as radio occultations. 
As a first approximation, the horizontal coherence 
scale along the direction of propagation (the z direc- 
tion in Figure 6) must be --2(2rAr) 1/2 or greater 
before structure of radial scale Ar can be resolved 
accurately; this is -30 km for Mars when Ar = 40 rn 
and -110 km for Earth when Ar = 250 m. Hence the 
vertical resolution that can be achieved through Abel 
inversion or back propagation should be regarded as 
an instrumental capability that cannot always be 
achieved in practice. 

A number of other practical issues must also be 
investigated before the performance of the back- 
propagation method is fully understood. The vertical 
resolution that can be achieved in a particular exper- 
iment depends on factors including signal-to-noise 
ratio, instability of reference oscillators, nonideal 
experiment geometry, and trajectory uncertainty [cf. 
Marouf e! al., 1986]. Their impact on atmospheric 
profiles retrieved through back propagation will be 
the subject of future work. However, experience with 
radio occultation measurements of planetary rings [cf. 
Marouf e! al., 1986] suggests that sub-Fresnel-scale 
vertical resolution will be feasible in well-designed 
experiments, such as those planned with Mars Global 
Surveyor [Tyler et al., 1992]. 
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