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Abstract

In this paper, we show that Asteroid (433) Eros is currently residing in a spin—orbit resonance, with its spin axis undergoing a small-
amplitude libration about the Cassini state 2 of the proper mode in the nonsingular orbital elenig@tesim: £2), wherel the orbital
inclination ands2 the longitude of the node. The period of this libration-i83.4 kyr. By excluding these libration wiggles, we find that Eros’
pole precesses with the proper orbital plane in inertial space with a perim@8X# kyr. Eros’ resonant state forces its obliquity to oscillate
with a period 0f~53.4 kyr between-76° and~89.5°. The observed value at89 places it near the latter extreme of this cycle. We have
used these results to probe Eros’ past orbit and spin evolution. Our computations suggest that Eros is unlikely to have achieved its current
spin state by solar and planetary gravitational perturbations alone. We hypothesize that some dissipative process such as thermal torques
(e.g., the so-called YORP effect) may be needed in our model to obtain a more satisfactory match with data. A detailed study of this problem
is left for future work.
0 2004 Elsevier Inc. All rights reserved.
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1. Introduction large, and they are for the most part of so little practical
importance in astronomy, that but few observers care to
The discovery of the Mars-crossing and Earth-approach- devote themselves to search for them. But the planet DQ,
ing Asteroid (433) Eros is considered a landmark in the discovered by Herr Witt of the Urania Observatory, Berlin,
history of Solar System exploratidnOver 100 years ago, 0n August 13 last, aroused from the first exceptional atten-
Crommelin (1898wrote about this asteroidThe discov- tion... . This orbit is of a very sensational character, and
ery of a new minor planet is hailed as a rule with equa- quite revolutionizes some of our ideas of the Solar System!
nimity, not to say indifference. The number has grown so Studies of Eros’ orbital motion have been used over the
years to obtain improved values of several astronomical con-
stants including the solar parallaxy (e.g.,Newcomb, 1898;
E-mail addressvokrouhl@mbox.cesnet.¢D. Vokrouhlicky). Hinks, 1303 nott.let:]halt Ehelgég,s-d?nv?ﬁjo \,:alue Véas not .
1 Atter its independent discovery by G. Witt and A. Charlois in August superseded unti . e late S Via planetary radar ranging
13, 1898, Eros was provisionally designated 1898(B(@t, 1898) The first data), the precession constant for the Earth (Rape, 1959
orbit determination byerberich (1898vas a great surprise to many, since and the Earth—-Moon mass (e.@Rabe and Francis, 1967;
the body was found to reside on a Mars-crossing orbit with a close approach Lieske, 196&
distance to Earth of only<0.15 AU. Following suggestions bghandler Eros was also the first asteroid whose brightness was

(1898) a systematic search of this body during previous oppositions was . . .
performed back to 1893 (e.@Rjckering, 190} with the earliest recovered found to change with timévon Oppolzer, 1901)The vari-

astrometric observations recorded on Harvard Observatory plates taken or@tions in Eros’ Iightcu_rve were U_Sed to dedqce its highly
October 29, 1893. elongated shape, which was unlike all previously known
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objects of roughly spherical or slightly ellipsoidal sh&pe. resonant spin state of the prograde members was found to
Krug and Schrutka-Rechtenstamm (193i3ing an ellip- be a byproduct of 2—-3 Gyr of steady evolution via thermal
soidal model, estimated Eros’ three axes to be 34.6, 19.3,torques produced by differential heating (e.g., the YORP ef-
and 16.3 km, surprisingly close to values estimated by fect; Rubincam, 2000; Bottke et al., 2003 hese results led
NEAR-Shoemaker (3& 15 x 13 km;Yeomans et al., 2000;  Vokrouhlicky et al. to conclude that, over the last several
Veverka et al., 2000 Gyr, collisions have played a minimal role in the evolution
At the advent of the 21st century, Eros’ importance was of the Koronis family spin states. Their evolution timescale
heightened further when it become the target of the NEAR- was also found to be consistent with the estimated age of the
Shoemaker mission (e.gGheng, 2008 This spacecraft,  Koronis family found via collisional and dynamical studies
the first ever to orbit and land on an asteroid, provided in- (Marzari et al., 1995; Greenberg et al., 1996; Bottke et al.,
sights into numerous topics ranging from Eros’ collisional 2001; Chapman, 2003)Ve believe that a thorough analysis
history to its internal structure. It also yielded data of un- of Eros’ spin—orbit resonant state may possibly yield com-
precedented accuracy on Eros’ orbital and rotational state.parable information about its evolutionary history.
With the distance between Eros and Earth determined via
the radio link to NEAR-Shoemaker and optical astrometry
spanning more than a century, Eros’ orbit is now the most 2. Secular spin—orbit dynamics
accurately known among all asteroids. Moreover, NEAR-
Shoemaker's laser rangefinder measurements yielded a so- In this section, we briefly review various aspects of sec-
lution for Eros’ rotation state that is more accurate than ular spin—orbit dynamics that are related to our work. The
the one computed via photometry over the past century following discussion is based on several pioneering works
(e.g., Durech, personal communication, 2004): the formal by Colombo, Peale, Ward and others (§&@ombo, 1966;
fractional error in the rotation period determination is now Peale, 1969, 1977; Ward, 1974, 1974 details).
~6 x 109, while the pole position was determined to about ~ Consider a body revolving about the Sun with mean mo-
a half arc-minute of formal error (e.d¢pnopliv et al., 2002; tion n that rotates about its spin axis with the angular fre-
Miller et al., 2003. These results also showed that, to a high guencyw (>n). The orbit evolves due to planetary perturba-
degree of confidence, Eros rotates about the principal axis oftions. For main belt asteroids, this produces a steady preces-
the maximum moment of inertia. No free wobble in Eros’ Sion of the node and pericenter so that the nonsingular orbital
spin vector in the body-fixed frame was found; an upper €léments (such &= sin//2exp(:s2), wherel is the orbital
bound of~0.02 was found on its amplitude. inclination with respect to a reference plane aids the

Despite this concentrated effort to study Eros over the last Ipngitude of the ascen.ding node) are well re.presented by a
100 years, we find there are still mysteries in Eros’ orbital limited number of Fourier terms. Representation of the same

and rotational history that need to be understood. For ex- Parameters for planet-crossing asteroids like Eros are more
ample, in this paper we show that Eros’ rotation axis is in complicated, partly because these bodies can ur_1dergo clqse
a resonant state, with long-term spin pole librations taking planetary encounters but also because they can interact with

place about the Cassini state 2 corresponding to the propeﬁhe mean motion and secular resonances that c_risscross the
mode in the orbital frame precession in space. By investi- NNer Solar System. Nevertheless, some approximate repre-

gating how Eros’ spin vector was captured into this resonant S€ntation of (in particular) is needed for our analysis and

state, we hope to obtain vital clues that will help us constrain W€ Shall return to this issue below. _
this asteroid’s enigmatic origin. For this study, we explore the long-term evolution of a

We hypothesize that the capture of Eros’ spin vector by a planet-crossing asteroid (e.g., Eros) whose spin axis coin-

resonance may not be a fluke, but instead may have been progides with the short axis of its inertia tensor (SAM state).

duced in an analogous way that caused several Koronis fam_This allows us to average out all frequencies that are com-

ily asteroids to end up with parallel spin ax&ivan, 2002; parable or_faster tha_;m (periods (_)f years and _shorter) from
Slivan et al., 2003; Vokrouhlicky et al., 2003)ike Eros, the dynamical equations. In particular, torqdieis the Euler

Koronis family members with parallel rotation poles and eqluat|onde/dt =T, whelreL ('js t.hﬁ k;]ot_jy’s rof[at|onal an-
prograde spins also librate about Cassini state 2 of the forcegdular momentum, are replaced with their rotation- and orbit-

mode s in the orbital frame precessiafvokrouhlicky et averag_ed values. o .
al., 2003 In the Koronis family members situation, the We include the solar gravitational torque into our equa-
tions of motion (at the quadruple level, which involvés

seeBertotti et al., 2003, Chaptel) 4s:

2 Curiously,Innes (1931)eported that Eros had axes o7& 0.3 arcsec 3 £
from April 15, 1924 observations when the asteroid wdks41 AU from _a 2[4
Earth. While the long- and short-axis ratio corresponds rather well to Eros’ Tgr =3n (f) ﬁ R-€)R xe), (1)
true value, the reported angular extension of Eros’ image overestimates its
size by about an order of magnitude over previous estimates.
3 It is irrelevant, for sake of our discussion, that in the Eros case the is stronger for Koronis asteroids that are closer to Jupiter and whose orbital
Cassini state corresponds to the proper rather than forced mode; the latteinclination is very small.
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wherea is the orbital semimajor axi® is the heliocentric e The solar gravitational torqu®) is folded into a simple
position vector of the bodyE = C — %(A + B) and A < precession term cose in (8), where

B < C are moments of inertia along principal axes, and 3.2 A

the unitary vector along the angular velocity direction. Note a=s—= 9)
that the SAM assumption allows us to det= Cwe. With 2w

RR/R® = (1—nn)/(an)3, wherel is the unitary tensor and and

n is the normal to the osculating plane, ane-= v1 — €2, C-3(A+B)

wheree is the orbital eccentricity, we have A= ——— (10)
_ 3n? is a measure of the body’s ellipticity. For Erog, =
Togr= _EFE(" -e)(n x e). (2) 0.40341 (e.g.Miller et al., 2002; Konopliv et al., 2002

one of the largest values among the known Solar Sys-
The asteroid’s spin axis is defined with respect to the tem bodies (e.g\okrouhlicky ancf:apek, 2002, Fig.2

moving orbital plane (Eq(5) below). The inertial torques Note as well thatr changes as ande change (through
resulting from the transformation to the moving frame are n andn, respectively). Using the current Eros’ orbital
(e.g.,Bertotti et al., 2003, Chapte)):7 parameters and rotation period (5.27025547 h), we ob-
JA taino ~ 164.93"/yr.
Tin = R AT L, (3) e The inertial terms contain:
where A=cos2] —sinIsinR2£2, (11)
oSO sine 0 B=sinf21 +‘S|n1 COS$2S$2, (12)
A= (— cosIsin2 coslcos2  sin/ ) (4) C=sirf1/22, (13)
sin/sing2  —sin/cos2 cos/ with the dots denoting/dz. Using a complex notation
is the rotation matrix of the transformation between the iner- & =sin//2expi£2) we may also write:
tial system and the system co-moving with the orbital plane 2 de
(x-axis along the nodal line andaxis along orbital angular A+1B= —— (E - IEC>, (14)
momentum vector)AT is the transposed matrix . vi- 55_
A convenient parametrization @ (i.e., the unit vector _ i(gﬁ _ Sﬁ) (15)
along the angular velocity direction) found by earlier analy- 20\’ dt dt

ses (e.g.Laskar and Robutel, 1993; Néron de Surgy and

Laskar, 1997 is: (whereé means the complex conjugate&f

e Additional torques included iif, such as internal tides

sine sin(y + £2) or the YORP effec{Rubincam, 200Q)could be derived
e=| sinecosy + 2) (5) from the last terms of Eq$6)—(8), where we used pro-
coSse jection unitary vectors:
with e the obliquity angle and)y the precession in longi- el n—(n-ee (16)
tude (as far as its geometric meaning is concerned, see Fig. 1 sine
in Capek and Vokrouhlicky, 2004 These parameters are 0o = nxe (17)
also referenced in the moving orbital system. Euler equa- sine
tions then imply the following set of equations for the three Except for some discussion of their effects in SecBpn
dynamical quantities characterizing spin state of the body, they will not enter into our analysis at this time. Simi-
namely the rotation frequeney and the two anglesge, ¥) larly, we also exclude from our spin state analysis grav-
from (5): itational torques produced during planetary close en-
_ counters (e.g.Richardson et al., 1998; Scheeres et al.,
do T-e 2000.
— = (6)
dt C )
de ) T-e1 WhenT = 0, the angular frequenay is conserved and
7 = Acosy — Bsiny — Co (7) variations ofs and ¢ may be represented using a one-
dy coss _ dimensional Hamiltonian (e.d.askar and Robutel, 1933
— =acose — 2C — —— (Bcosy + Asinyr) o
dt _ Sine H(X,w,t)Z—XZ—ZCX
T- 2
_ €12 ®)
Cwsine’ +V1— X2(Asiny + Bcosy), (18)

Using these equations, the effect of different torques can bewhereX = cose is a conjugate momentum 6. A conve-
readily interpreted: nience is that the problem might be analyzed using standard
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tools of Hamiltonian mechanics. Despite our simplifications, = The stationary points in the system described(?)—

however, the solution remains nontrivial because of the time (21) are calledCassini stateskq. (20) constrains the sta-

dependence of parametérs, 3, C; o). We discuss this case  tionary values to occur at = 0° or ¢ = 180°, while Eq.(21)

in the next section. yields the value of stationary obliquity from the transcenden-
In order to remove the sin~~ 0 singularity from Eqs(6)— tal equation

(8) we setzL = (14 cose) exp(zyy) in our integrations. The ) )

sign plus is used to remove the singularity near 180, kSN2 = —sin(e £ 1,). (23)

and thusz, is used wher > 90°; the sign minus is usedto  Here the upper sign on the right-hand side corresponds to
remove the Singularity near~ 0°, so that;_ is used when e =180 and the lower Sign Corresponds o= 0°. De-

e <90°. pending on the value of, there are two to four solutions
o for this equation. In particular, for small values of(and
2.1. Cassini states and resonance I, # 0), four Cassini states exist: two of them near the poles

of the orbit (the so-called Cassini states 1 and 3, both with

In this section, we take advantage of the approximations ¢y = 18(°), and two at the intermediate values of obliquity
described above to analytically explore whether Eros is in a (the so-called Cassini states 2t 0° and 4 atp = 180°).
spin—orbit resonance. Note that in Eros’ present orbital state, The limiting value ofx = «,, for which the Cassini states
& =sinl/2exp£2) is dominated by a single Fourier term. 1 and 4 bifurcate, depends on the inclinatibn(see, e.g.,
ForT ~ 0, w = constant, and the system becomes integrable Henrard and Murigande, 1987
as recalled below. 1

To start, we assumé = Aexp:®) with @ = ot + ¢. iy = — = (sin?/3 1, + cog/® Ir)3/2; (24)
This allows.A 4 : B to become simple harmonic functions of 2
time (2A+/1— A20 exp1(® + w/2)] = o sinl, expi (P + Kk, 1S In between-0.5 and—1, so that forx < —1 the four
7/2)]) with C constant. If the orbital eccentricity and the Cassini states exist for any inclination value. We also note
semimajor axis are constant, or they change very little, that in the limit 7, — 0°, the Cassini states 1 and 4 dis-
« is also constant. Note that for Eros,~ —21.1"/yr, appeatr; this is also readily seen from the first inte¢22l)
A ~ 0.1028 corresponds to the proper inclination Ipf= whose dependence an disappears in this limit. In other
2asinA) ~ 11.8° and the phas¢ ~ 322 is very closetothe ~ words, small inclination states cause the width of the secu-
current osculating longitude of node ~ 304 (i.e., these lar spin—orbit resonances to shrink. The resonance zone also

values are given far= 0 at J2000.0). shrinks whenc — —oo, which occurs when the obliquities
We now define new canonical variablé§ = —X = of Cassini states 2 and 4 approacti.90

—cose and ¢ = —(y¥ + @) via a contact transformation Cassini states 2 and 4, which are stable and unstable

generated by (v, X'; 1) = — X’ (¥ + ®). The new Hamil- points of a resonance zone enclosed by a separatrix, are di-

tonian readSH' =H — o X/, or rectly relevant to our work on Eros’ spin state. In Eros’ case,
o we have a value af (~—3.603, witho ~ —21.1"/yr) that

H (X', @)= EX/Z —ocosl, X' guarantees the existence of the resonance zone and all four

Cassini states. Inserting the relevant values into(E8), we

+0v1-X'2sinl, cosp. (19) find thate, ~ 82.35° for the obliquity of the Cassini state 2,

The new equations in mixed variablegobliquity) and¢ fairly close to Eros’ obliquity of~89° (e.g., Miller et al.,

are: 2002; Souchay et al., 20P3This hints that Eros may cur-

de rently be residing in a spin—orbit resonance.

= =0 sinl, sing, (20) To further explore the suggestion that Eros may be li-

dt brating about Cassini state 2 of the proper modé ,inve

de _ cose . timated the maximum width of the resonance zone about

-, = ecoss—o cosl, +o Sne sinl, cosp. (22) es

Cassini state 2 from Colombo’s integ(aR). We find that for
Because the Hamiltoniafl9) is time-independent, itis ¢ = 0°, the resonance zone stretches frof®3° to ~100°,
an integral of motion. When rewritten in mixed variables, thus comfortably enclosing the Eros vallgd. 1). Further
and scaled by, Eq.(19) becomes (compare with Eq. (14) confirmation will require more complicated tests involving

in Colombo, 196% the value ofp and¢ and a direct numerical integration.
) ) A linearized analysis of small oscillations about the
C(e, ¢) =k OS & + cOSI, COSe + Sinl, Sins cosp Cassini state 2 yields a frequency:
= const 22
(22) Olip =o+/Dsinl,, (25)
Herex = «/(20), which is the fundamental parameter of the h
problem. wit
: 2
sing . cose
- D =cosl, ——= +sml,< _ *) , (26)
4 Recalld® /dt = o; for a similar derivation se@/ard (1975) COSe. Ne.
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Fig. 1. (Left part) Variations of Eros’ obliquity during the next Myr (time origin is J2000.0; compare with FigS&aglov, 1997. We use the nominal Eros’
orbit—see alséig. 2—and initial spin data fronMiller et al. (2002) Note that the large oscillations of the obliquity indicate the presence of secular resonance.
(Right part) Critical anglex = — (¢ + @) defined for the phasé of the dominant (proper) term ih. Small amplitude librations indicate that Eros’ pole is
locked near the Cassini state 2.

wheree, is a solution of(23). Inserting known values for ~ Souchay et al., 2003Note that our results will not be as

Eros into(25), we estimate that Eros’ pole would librate with  accurate asSouchay et al. (2003who included all short-

a period~50.3 kyr. periodic effects and the possible free motion of Eros’ ro-
tation pole in the body, but they do correctly represent the
long-term evolution of the pole parameters.

3. Eros’ spin—orbit resonance Figure 1 (left panel) shows Eros’ obliquity oscillat-
ing between~76° and ~89.5 with a dominant period of

With the insights gleaned from our analytical estimates, ~53.4 kyr. These values coincide with our derived value
we are now ready to investigate Eros’ rotation state using nu- for small oscillations about Cassini state 2 (Sec@prwith
merical integration. Because Eros’ rotational history is con- the period slightly increased because of a nonzero libra-
nected to its orbital history, we need to obtain some knowl- jgn amplitude. Note that this behavior was first seen by
edge of Eros’ orbital evolution history before proceeding. Skoglév (1997) though he did not dwell on his discovery

This is a problem because most near-Earth asteroids (NEA)(e.g.,Souchay etal., 2003

orbital histories are highly chaotic, with numerous encoun- 14 confirm that Eros’ spin resides near Cassini state 2,

ters with planets and multilyljle .interellctions ‘_Nith secn;\lla,r and \ve need to define and examine the libration of the resonant
|T;ea1r19é”r'15’(_)t|:/lo.nhrels,ongr_1l_chém ani le;;é_’ I\igig,l Frc()je;c € ek:l . angleg (Section2). To do so, we need to define the Fourier
?9"97_ M" h I(I: 16932- Mi %mlasi | 1'99; h(? an ro?ﬁct € term that can represent the nonsingular orbital elefhamd
997, MIChel, , Michet et al., 195 This means tha compute its phasé. As mentioned previously, any Fourier
it is impossible to track the true orbital paths followed by . R . )
: representation of over large time intervals may be invalid

NEAs more than a few hundred years into the past or future. . . e

if Eros experiences a close planetary encounter or if it inter-

An approximate method that can be used to gain infor- . :
mation about Eros’ future orbital history is to numerically acts with a res’onar_lce. For short timespans (0.01-0.1 Myn),
however, Eros’ orbital elements may be stable enough that

integrate Eros’ orbit (and that of numerous clones, as we will » . : e
discuss below) forward in time (e.gViichel et al., 199% proper elements can bg defme_d using methods similar to
The broad evolution patterns represented by these orbitaltNSe described bronchi and Milani (2001) _

In our approach we consider a running window of

histories can be used to help us characterize the likely fate of ) . !

Eros. (A discussion of Eros’ previous orbital and spin history 0-2 Myr for which a spectral densit; of & is computed

is in the next section.) Using Eros’ current ephemeris ob- USINg & technique biferraz-Mello (1981)We then find a
tained in theAst Or b file (ftp://ftp.lowell.edy), we tracked maximum for Sg over this interval that corresponds to the
its orbit backwards and forwards in time for 0.1 and 1 Myr, Statistically best Fourier-like representation&fThe am-
respectively, using the codeni f t - r mvs3 (Levison and  Plitude A, frequencyo and phasep of this term are then
Duncan, 1994)Next, we numerically integrated the system computed, with all three parameters used to define the proper
of equations given by6)—(8) with T = 0 and (A, B, C; «) orbital inclination/, and the resonant angfe= — (¢ + ®).
determined from our orbital integration data. The effects of The phase is ¢ in the middle epoch of the running window.
planetary close encounters and YORP were ignored, thus theUsing this method with Eros’ J2000.0 osculating orbital ele-
rotation frequencyw was kept constant. Our initial values ments, we obtain values similar to the proper elements found
for obliquity ¢ and the precession in longitugeweresg = at theNeoDy S page http://newton.dm.unipi.ij/ (and Sec-
89.01° andyg = 72.42°, respectively(Miller et al., 2002; tion 2.1).
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Figure 1(right panel) shows the behavior ¢f for the result of thev14 secular orbital resonance, which is charac-
next Myr along Eros’ nominal orbit. The observed small- terized bys ~ s4 >~ —17.75" /yr. Nevertheless, the evolution
amplitude librations about’dndicate that Eros’ spin poleis  of Eros’ osculating inclination over 25 Myr is reasonably
librating about Cassini state 2 of the proper mode inghe well characterized by the proper inclinatigncomputed us-
representation. (Traditionally, the corresponding frequency ing the method in Sectios. This match suggests that the
of the proper mode is denoted (=o) (e.g., Morbidelli, proper term dominates contribution§rover our integration
2002; we shall thus speak about the (secular) spin—orbit time. Finally, we see that the variations in proper frequency
or s-resonance.) Hence, in inertial space, Eros’ pole follows s are related to ows and/ changes.
the~61.4 kyr proper motion of its orbital frame (with some Figure 3shows the evolution of the obliquity and the
small oscillations about that value). Our result thus suggestscritical angley of thes-resonance integrated along our nom-
that the long precession frequency®f50 kyr postulated  inal Eros orbit. At~8 Myr, the spin state escapes the res-

by Souchay et al. (2003)ever occurs. onance and only regains it again for a brief period near
~15 Myr (but with much larger libration amplitude). The in-

3.1. Capture and stability of Eros’ spin pole in the crease of libration amplitude produced fo¥ Myr is caused

s-resonance by Eros’ interaction with thei14 secular resonance, when

its proper frequency is close to the planetary (forced)

Here we investigate the likelihood that Eros’ pole will re-  frequencyss. (Note that thev;s resonance associated with
main trapped in the-resonance into the future as Eros’ orbit § =~ s3>~ —18.85’/yr has a smaller effect.) As explained in
and pole parameters undergo evolution. Our method was tothe previous section, Eros’ spin p_ole evqlutlon foIIo_ws the
numerically integrate Eros’ nominal orbit and 9 clones (with "eference frame tied to themode iné until the contribu- -
their initial orbital conditions inside their current uncertainty tion from.ss in & becomes important. The Fourier analysis
intervalf for 25 Myr into the future usingwi f t - r nvs3. of & shows that for 5 Myr <7 <9 Myr can be represented
We also integrated backwards for 0.1 Myr to help us define Py two terms: the proper term with 3825 amplitude and
proper elements for our test bodies. Note that the orbits of =—20"/yr frequency and a term with-1° amplitude and
planet-crossing asteroids are chaotic enough that any single=—40"/yr frequency. This second high-frequency term does
numerical representation probably does not represent Eros™0t exist forr <5 Myr. Forz > 5 Myr, the proper and the
long-term future evolution. Still, some of our clones may high-frequency terms interact and produce large-scale chaos
adhere closely to it (especially during short integration in- ©Pserved in Eros’ spin evolution. We demonstrate this by
tervals). studying the dynamics df) and(8) with two Fourier terms

We found that the orbits of our test bodies diverged on a included inA, B, andC. We find that the libration islands
~0.1 Myr timescale, with only 3 clones thrown out of the in-  c0rresponding to the two Fourier termsgrfor 7 > 5 Myr
ner Solar System before 25 Myr had elapsed. This confirms &€ comparable in size and overlap. Hence, the spin vector is
an unusually long dynamical lifetime of Eros’ orbit, com- chaotically driven out of the-resonance and exits the reso-
patible with an estimate a£50 Myr by Michel et al. (1998) nant state at-8 Myr.

We used these evolution tracks as input to numerically inte- ,

grate Eqs(7)—(8). Eros’ current rotation state was included 3.1.2. Test case #2: How planetary encounters might effect
in our model as an initial condition, while we assunieg 0 Eros . . .

(which makess constant). Our orbital and spin evolution re- Figure 4shows future orbital evolution of our first Eros

sults for three representative cases are discussed below, ~ ClOne. In this caseg slowly drifts inward while interact-
ing with various mean motion resonances. After 10.3 Myr, a

close Earth encounter moves it slightly inside 1 AU. It keeps
this value until~23.5 Myr, when a second Earth encounter
moves it out of the inner Solar System and into thd 2
mean motion resonance with Jupiter, where it remains for
a short time until falling into the Sun. The clon&sand I
values undergo several long-period variations, an indication
of secular orbital resonances at work (eigs, v14), until
the close Earth encounter23.5 Myr. These resonant cap-
tures do not affect the mean osculating valué ehough to
affect our estimate for propéf, but they do keep the proper
frequencys moderately high for the length of our integra-
tion.

Figure 5shows the evolution of this clone’s spin state pa-
rameters. Though the obliquity is observed to jump in and

5 In particular, we displace the initial coordinate of nominal Eros orbit  out of thes-resonance several times during the integration,
by multiples of 10°12 AU. we focus here on what happens during the close Earth en-

3.1.1. Test case #1: Interaction with one or more spin orbit
resonances

Figure 2shows how Eros’ current osculating orbital ele-
ments, what we call its nominal orbit, evolves into the future.
Our results show the following trends. For the first 20 Myr
of our simulation, Eros’ semimajor axisbounces between
the 59 and 47 mean motion resonances with Earth. Its or-
bital eccentricitye stays between 0.15 and 0.35 over 25 My,
which tends to keep it away from close Earth encounters. It
only achieves an Earth-crossing orbit for short intervals near
10 and 16 Myr. Eros’ orbital inclinatiod undergoes an in-
teresting large and long-period variation for 5-10 Myr as a
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Fig. 3. Evolution of Eros’ obliquity (left part) and the critical angle of the spin—orbifs-resonance (right part) integrated along the nominal orbit fragn2.
Our model asteroid departs the spin—orbit resonant stat8 &yr due to overlapping modesandsg in &.

counter occurring at10.3 Myr. As observed ifig. 4, a and
e both undergo dramatic changes that decreaaad« and

to a separatrix, which it adheres to for the remainder of
the plotted evolution time. The spin—orbit resonant state is

shrink the width of the resonance zone about Cassini state 2eventually regained but only for a short time; with Eros’

(Section2.1). A zoom of the event is shown iRig. 6. We
see that the previously-librating critical angpeis pushed

interaction with thev14 resonance the source of the pole’s
instability.
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Fig. 5. Evolution of Eros’ obliquitys (left part) and the critical angle of the s spin—orbit resonance (right part) integrated along the orbit fFogn 4.
Librations are intermixed with circulations as a response to various perturbations such as a close encounter whily.Eth (

3.1.3. Test case #3: The effect of a steady drop in until it is interrupted by a second close Earth encounter,

inclination and from there we see it go to 1 via thg resonance. The
Figure 7shows the future orbital evolution of a different cyclic variations in/ are produced by the 4 resonance. The

Eros clone. We see that its orbit is decoupled from the Earth feature at~4.5 Myr is caused by interactions with the

influence until a close Earth encounter-at1.5 Myr. Af- resonance, which also happens to weakly aféedtor 11—

ter that, numerous planetary encounters eventually push 13.5 Myr, I drops to near zero asincreases.

~2.1 AU, where theg resonance sends the asteroid intothe  The most peculiar feature in this clone’s orbital evolution

Sun. Fore, we see a steady increases between 11-13.5 Myrcan be seen between 11-13.5 Myr where secular resonances
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“perplexing” orbital feature is the steady increase of the model asteroid’s orbital eccentricity (and the correlated drop in its inclinati®8)%aMyt—

are at work. The correlated effect @nand I suggests a

proper orbital frequency is equal to the proper orbital fre-

quencyg of the eccentricity vectof = eexp(iw ), wheree

is the eccentricity ands the longitude of pericenter (e.g.,

Morbidelli, 2002.

The pole-parameters evolution for this orbit is shown
Kozai-like phenomenon, though the ordinary Kozai does not in Fig. 8 The interaction of thes and s4 resonances at
occur here. Note that the Kozai resonance occurs when the~4.5 Myr triggers an increase in the libration amplitude
of ¢ and the clone’s obliquity. There is also an underlying,
longer-period, trend produced by the proximity of theand

s3 resonances. The major perturbation on the stability of the
pole in the spin—orbit resonance, however, is causetis
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Fig. 8. Variations of Eros’ obliquity (left plot) and the critical angteof the s spin—orbit resonance (right plot) integrated along the orbit showfign7.
Interaction of thes ands4 inclination modes produces a perturbationdt5 Myr. The model asteroid does not leave the spin—orbit resonance, however, until
the inclination becomes too small to keep the libration zone macroscopitab Myr.

ing driven to small values. As discussed in Secfidh when

likely to have produced Eros’ current state than other re-

I, — 0°, the resonance zone about the Cassini state shrinksgions.

If I evolves too quickly compared to the libration period, the

process is not adiabatic, the libration amplitude increases up4.1. Eros’ orbital evolution

to the separatrix limit, and the pole jumps out of the reso-
nance.

3.1.4. Summary
Using our results, we can draw some conclusions abou

Eros’ orbital evolution history can be divided into two
phases: (i) its evolution from inside the main belt to a res-
onance capable of pushing it onto a planet-crossing orbit,

tWhich may have taken several Gf€hapman et al., 2002;

the dynamics of spin—orbit resonances for Eros, and perhapsChapman’ 2003)and (ii) its evolution from this resonance

for planet-crossing asteroids in general. First, orbital evolu-
tion of a, e, I can influence the evolution of the spin axis,

with resonant states gained or lost via three main mecha-

nisms:

e Interaction with spin—orbit resonances suchsas sg
(Fig. 3);

¢ Close planetary encounters that cause changearnade
(anda andx) (Fig. 6); and

e Higher-order or Kozai-like secular resonances that can
drive I to small valuesKig. 8).

The latter two processes make the spin—orbit resonance

about the Cassini state to shrink or disappear.

The median time for our test asteroids to leave the spin—

orbit resonance was-12 Myr, with 2 clones remaining
trapped in thes-resonance for the entire 25 Myr of our in-

tegration. Because these bodies were generally decouple

from Earth’s influence, it implies that the current position
of Eros’ pole in thes-resonance may not be a fluke. We in-
vestigate this possibility further in the next section.

4. Can Eros spin statetell usabout its past evolution?

In this section, we explore whether Eros’ current spin

to its observed orbit, which may be a short as a few Myr or
as long as several tens of M¢Bottke, 2001) Our simula-
tions in this paper focus solely on the latter phase.

Because NEA orbits are chaotic on 0.1-1 kyr timescales,
we cannot integrate Eros backwards in time to determine
where it originated. Instead, we assume that Eros’ current
osculating orbit is one that some asteroids evolving out of
the main belt may pass through as they evolve throughout
the inner Solar System. If true, we can explore the orbital
evolution of Eros in a statistical sense by checking whether
the orbital histories of test bodies evolving out of the main
belt even pass through Eros’ curre@at e, I) orbit. As an
analogy, think of the inner Solar System as a pachinko game
with Eros’ current orbit as one of the special holes that balls
find from time to time. Like our test bodies, the trajectory
that each ball follows is chaotic and different from all the
others. If you play enough balls, however, it is possible that

tatistical trends may be found in the pathways followed by
he balls that enter the special hole.

To this end, we have numerically integrated thousands
of test bodies out of the main belt using the techniques
described inBottke et al. (2000, 2002)The starting loca-
tion for our test bodies were powerful resonances (i.g.,
secular resonance, the 3 mean motion resonances with
Jupiter) and diffusive regions fed by hundreds of thin res-
onances located inside the main belt (e.g., the population
of asteroids on solely Mars-crossing orbits adjacent to the

state can constrain its past orbit and spin evolution. Our goal main belt). These particles were tracked until they collided
is to determine whether particular main belt regions are more with the Sun, were thrown beyond 10 AU from the Sun
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Fig. 9. A possible evolutionary path for Eros if it started in the immediate Mars-crossing region: semimajor(kettsand top), eccentricity (left and
bottom), inclination/ (right and top), and projection onto thevs. e plane (right and bottom). At~ 13.18 Myr, the orbit closely matches the current orbit of
Eros shown by the black square (and pointed out by the arrows). Its initial residencevirtdsonance (timec4.5 Myr) make its eccentricity large enough
to allow Mars- and later Earth-encounters to drive the orbit more deeply into the planet-crossing region. The gray solid line in the inclindtmwsptioé s
osculating value, while the thick solid line is the proper inclination computed by the method outlined in Sedti@large variation of the inclination near
~8 Myr is due to thev;3 secular resonance (see also the propealue inFig. 10. Grey lines in the: vs. e plot are the parameters needed for the model
asteroids to reach planet-crossing orbits. Our model asteroid visits both the Mars- and Earth-crossing zones before reaching Eros’ culierdquhie(s

(usually by a close encounter with Jupiter) or they collided  Figure 9shows an example of our results {iable 1, this
with a planet. Our goal was to determine, for each test body orbit is calledor b. i nt. 1). This orbit initially resides in
trajectory, whether theica, e, I) parameters came within  the intermediate Mars-crossing zone, though it is also af-

Aa = 0.02 AU, Ae = 0.05, andAl = 2° of Eros’ oscu- fected by thevg secular resonance as readily seen from the
lating orbit (@gros = 1.458 AU, egros = 0.223, and/gros = left and bottom part oFig. 9. Mars-encounters drive the or-
10.829). bit to encounter the Earth at4 Myr, which makes this orbit

Our test body integration tracks yielded several positive drift more deeply into the planet-crossing region. Note the
matches with this criteria. We found that 10 of the 3300 proper inclination computed with our method still represents
test bodies started in thes resonance reached Eros’ or- the osculating inclination evolution. At time13.18 Myr,
bit, while 2 of 987 test bodies started in the 3:1 resonance the osculating orbit approaches the current orbital elements
did the same (seBottke et al., 2002for definitions). For of Eros @ = 1.47 AU, e = 0.28, and! = 10.91°). Interest-
the diffusive resonances, we found that 755 of the bodies ingly, we note that our test body becomes decoupled from
started in the intermediate Mars-crossing region adjacent toEarth’s orbit slightly before acquiring theaee, I values.
the main belt witha < 2.5 AU reached NEA orbits (perihe-
lion ¢ < 1.3 AU) and 4 of that sample reached an Eros-like 4.2. Eros’ spin evolution coupled to its orbital evolution
orbit. When coupled from results froBottke et al. (2002)
who show that 37, 25, and 23% of all NEAs come frogp Using our sample of potential Eros orbital historida{
resonance, the intermediate source Mars-crossers (IMC) re-ble 1), we investigated whether Eros’ current spin state,
gion, and the 3:1 resonances, respectively, we predict thatnamely the residence of its pole in theesonance, is some-
NEAs originating in the inner main belt has a 0.35% proba- how linked to its orbital evolution. Our method is similar
bility of achieving an Eros-like orbit. to that used in Sectiol.1; we will use our orbital his-
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Statistics of meeting the constraints provided by Eros’ current spin state
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dow. We considered a positive match to be a pole solution
that librates within 160 of the resonance angie

Orbit P1 P 3 pa T f Imax To illustrate how Eros’ orbital evolution may have af-
IMC orbits? fected its spin evolution, consider the example case using
orb.inc.1? 118 161 153 88 1318 0663 208 theor b. i nc. 1 orbit from Sectiom.1 Using the uniform
orb.inc.2 134 138 136 121 9904 0070 374 grid of data described above, we found that Eros’ pole was
orb.inmc.3 14 26 23 08 6888 0024 125 trapped in thes-resonance~11.8% of the time (672 runs
orb.inc.4¢ 171 233 193 156 8416 0026 238 o : , .
out of 5688). The probability of matching Eros’ pole using
vg Orbits? a more select sample of initial data, such as the initially-
orb.nué.1 127 165 239 39 942 0276 205 prograde rotation states only, are given in Tadle 1
orb.nué.2 133 200 232 81 627 Q457 143 The spin state evolution of our model asteroid for one
orb.nu6.3 126 155 167 48 2338 0749 206 Spin s volution oF our me Sterol
orb.nu6.4 125 132 177 59 4618 0304 253 of our successful matches is shownHig. 1Q In this case,
orb.nu6.5¢ 162 223 302 59 2047 0077 169 we purposely chose initial conditions that are very different
orb. nusé. 6C 92 136 97 80 3839 0022 301 from current Eros values§ = 12.838 and g = 25°) to
orb.nu6.7® 161 177 274 72 2168 0265 278 illustrate that there may be zero connection between our ini-
orb.nu6.8 142 155 181 101 2330 0424 266 tial and final ¢ The fi h that the chaoti
orb. nu6. 9 34 33 34 24 1865 0522 249 tial and final parameters. The figure shows that the chaotic,
orb.nu6.10 98 149 140 54 280 Q747 184 irregular evolution of Eros’ orbit causes Eros’ pole to bounce
_ between various resonant states. In partictay, 10shows
3/1 orbits that Eros’ pole is immediately captured in the é
orb.3/1.1 162 166 205 132 17877 0195 316 at Eros: pole IS immediately captured in tireesonance,
orb.3/1.2 116 149 126 9.2 823 0684 319 with the obliquity oscillating in between t5and 65. It

& Source regions for the orbital evolution; sBettke et al. (2002¥or
definitions and details.

b The orbit shown irFigs. 9 and 10

C These orbits give the most satisfactory results.
The libration in thes-resonance with amplitud€ 160° was determined us-
ing a numerical model that assumes (i) uniform initial dat&coseq, ¥ o)
and (ii) spin propagation along all orbits that reach Eros orbital cell in semi-
major axis, eccentricity and inclination space (see Seetign The values
p1—p4 are the probabilities that our model asteroid will match Eros’ spin
state from different subsets of the initial data: i is the overall proba-
bility, (i) po is the probability for initially prograde rotation states only,
(i) p3 is the probability for the initial states witfcoseg| < 0.25 (i.e., ini-
tial spin orientation preferentially in the orbital plane), and (b is the
probability for those initial states withcoseg| > 0.75 (i.e., initial spin ori-
entation preferentially perpendicular to the orbital plane). The last three
columns are: (iY" is the time needed for our main belt test bodies to match
Eros’a, e, I orbital parameters (in Myr), (i) is the fraction of that time
interval spent on an Earth-crossing orbit, and (lijax is the maximum
inclination acquired during the evolution.

tories as input to compute the functioog B,C, and «
and integrate EqY7)—(8), assuming th&tT = 0 (thusw
is constant). Unlike our predictions of Eros’ future evolu-
tion, however, Eros’ initial conditions are unknown. To deal
with this problem, we use a broad set of initial data that is
spatially isotropic: cosp = —0.975,...,0.975 with an in-
crement 0025 andyo = 0°, ..., 360° with an increment &

drops out, however, when largevariations produced by
Eros’ orbital interaction with theg secular resonance re-
ducesx and virtually eliminates the spin—orbit resonance
altogether. Overall, we find that Eros’ pole is captured by
the s-resonance several times during the simulation, with
one capture occurring just when our model asteroid matched
Eros’ orbital constraints at13 Myr.

To understand why Eros’ pole has such a low chance
being captured by the-resonance, we plotted the distri-
bution of a 05 Myr-averaged final obliquity values for
theor b. i nt. 1 orbit from all 5688 simulationsHig. 11).

The most striking feature is the strong peak atecos).139

that corresponds to Cassini state 2. This suggests that even
though the likelihood of attaining this resonant state ver-
sus thecumulativeprobability of all possibilities is rela-
tively small, we are more likely to find Eros’ pole in the
s-resonance than any other individual possibility. We also
checked to see if Eros’ evolution would have led to an over-
abundance of poles in the resonance. Using a method de-
scribed byHenrard and Murigande (1987)ve estimated
that an isotropic distribution of pole directions would lead
to ~21% being inside the resonance zone about the Cassini
state 2. Given the similarity between this value and those
in Table 1(in particular the probability valug that cor-
responds to the initially isotropic spin data), it appears in

Together, this means that for every one of Eros’ orbital path- this case that Eros’ orbital evolution does not push its pole
ways, we need to run 5688 spin evolution simulations. In towards a resonant state. Recall that in our model Eros
each simulation, we monitored whether our model asteroid, spin axis can only be affected by gravitational and inertial

when reaching an orbital match with Eros, would also have torques.

its spin pole locked in the-resonance over a 0.5 Myr win-

6 The current best estimates of the Yarkovsky and, especially, the YORP

effects acting on Eros (e.g/pkrouhlicky, 1998; Vokrouhlicky an€apek,
2002;(3apek and Vokrouhlicky, 200Q4ndicate those forces should play a
minimal role over timescales shorter thari00 Myr. For this reason, we
concentrate here on solar and planetary gravitational forces alone.

To determine whether this result is applicable to all pos-
sible orbital histories of Eros, we used this same method to

7 Our expetience shows that prograde-rotating asteroids in the inner part
of the main asteroids belt become typically captured by this resonance; e.qg.,
Rubincam et al. (2003)ointed out that the Asteroid (951) Gaspra spin axis
currently resides in this resonance.
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Fig. 10. An example of a possible spin evolution for a “fake Eros” evolving from the inner main belt along the orbit sHeigndnThe initial value of the
obliquity and the precession in longitude wege= 12.84° andvyg = 25°. The four panels show the time dependence of: obliquiteft and top), the critical
angleg of the s spin—orbit resonance (right and top), the proper frequenioyé (left and bottom), and the factor (right and bottom). The last panel also
shows the critical value, (in gray) for which the secular spin—orbit resonance bifurcates. The current Eros valaea¢ are shown in the last two panels;
they were drawn at time=13.18 Myr when the clone’s, ¢, I parameters closely matched Eros’ current values. Initially, the spin—orbit resonance is only
marginally possible < «,) due to large cycles ia driven by thevg orbital resonance. The evolution of Eros’ orbit into the planet-crossing region makes
smaller but planetary perturbations prevent Eros from being confined in a resonance for very long1Bld& Myr, the spin—orbit resonance is re-gained,
and both the orbit and the spin location end up matching Eros’ current parameters.

track Eros’ spin evolution over several additional histories grade spin states to be more easily driven to final retrograde
comparable t@r b. i nt. 1. Our results are summarized in ~ states. However, lightcurves taken frdfig. 11 show that
Table 1 Overall, we found no trends other than a weak asym- while the initial prograde spins populate the final retrograde
metry that suggested that asteroids with initially prograde ones, the same fraction of initially retrograde spins populate
sense of rotation were more likely to produce resonant spin the final prograde ones. This produces an effective cancella-
states than those with retrograde sense of rotation. This istion and makes the final distribution statistically equivalent
likely due to the fact that obliquities betweef-@C are to a uniform distribution. We hy.pot.hesize that the power-
efficiently mixed by chaotic diffusion due to a network of fUl s-Tésonance zone near 9@bliquity is responsible for
secular spin—orbit resonances. We also note that many of outhis communication between prograde and retrograde states.
successful matches were of shorter duration and larger am-CONfirming this would require a more extensive and system-

plitude in resonance angle than found in Sec8ahfor our atic study and is beyond the scope of this paper.
future Eros test cases.

Except for the feature related to the spin—orbit resonance
the distribution shown in thEig. 11is surprisingly uniform

(see alsskoglov, 1999. We believe this arises from (i) the Our results in Sectiod.2suggest that Eros’ current spin—
strong chaoticity and mixing of spin states in Eros’ evo- orbit resonant state is something of a fluke, with Eros’ past
lution and (ii) the fact that the apparent asymmetry in the orbital evolution neither helping or hurting its ability to reach
prograde vs. retrograde rotation states due to presence othat state. The IMC andg zones seem slightly more likely
secular resonances in the prograde-rotators zone only doeso produce the current Eros spin state, though we are lim-
not operate. With (ii), one might expect the initially pro- ited here by poor statistics. Although we cannot rule out the

'5. Discussion and conclusions
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Here, R, is the characteristic radius of the asteraM, is
the solar massk, is the quadrupole Love number afd=
(w — n)At is the phase lag of tidal response due to anelas-
ticity. For Eros, we estimate tha@t~ 2.5 x 10~8k»58. With
ko of the order of unity (this value is likely too high be-
cause Eros has a nonzero rigidity) ahdt 102, we obtain
B~25x1010,

Inserting (27) into Egs. (6)—(8) we obtain tidal com-
ponents that affect the evolution Eros’ rotation ratend
obliquity ¢ (e.g., alsoDobrovolskis, 1980; Correia et al.,
2003 eccentricity termg)(¢2) again omitted):

(d—w) =—n°B (1 tcods — 2" COS8>, (29)
cos(e) dt T w

de n . n
Fig. 11. Statistical distribution of c@s wherez is the mean obliquity be- (—) =nf— Sln£<COSS — 2—), (30)
tween 13-13.5 Myr computed from the numerical propagation of 5688 dt ) r w w
test runs along the orbir b. i nc. 1 from Fig. 9. The overall distribu- dyr
tion is given as a thick black line, while distributions from initially pro- (E) =0 (31)

T

grade/retrograde are shown as thin gray lines. The initial data corresponds
to anisotropic spin distribution, thus the distribution functieg0.5 for the

otro| _ The timescale needed to produce a sizeable change in spin
normalization used here. The singular peak ateco.139 shows states

trapped in the-resonance (arrows delimit the maximum width of the reso-
nance in obliquity). Being located in the resonance is the most likely state
among all the bins. The probability of being in the resonance, however, is

parameters from tides is~ w/(n?g) ~ 10* Gyr. This value
is far too long to have any importance on Eros’ history.
A second possibility is that Eros’ spin pole was affected

only ~14% of the total probability over all other bins. The retrograde states in the recent past by a close planetary encou(Battke

are roughly as likely as the prograde ones (excluding the resonance peak) gt al., 1999) Results fromRichardson et al. (1998ug-

even though there is considerable mixing between the prograde and ret- i ) P

rograde orhits (see the “overshoots” beyond th& 8bliquity of the thin ges_t that srllgnn‘lcant char}gEes to IIEFOS Ob“.qu'ty can Occlur

lines). yrlng SUF) en_counters | ros also experiences mass I0Ss
via tidal disruption. The damage produced by such an event

- . would include global landslides that would modify, bury,
possibility that this is the true answer, we suspect that our o arase existing craters. Because images of Eros from

"ldeI rr;:ght bg missing slome r;mpor(tjgnt'me'ce of thﬁ PUZ- NEAR/Shoemaker fail to show evidence for such a large-
zle. To this end, we postulate that a dissipative mec aniSMgeale crater erasure event, we believe that close encounters

acting on Eros rotation over thg long t'erm may increase the have not seriously affected Eros’ spin pole over its lifetime.
odds that Eros would be in a spin—orbit resonance today. Finally, it is plausible that Eros’ has been affected by a

One possibility is that Eros’ spin state has been affected j;qqinative torque produced by radiative and thermal recoil
by distant tidal forces. The Moon is an example of an object effects collectively known as the YORP effe@ubincam,
that has reached Cassini state 2 (or 1 when the state 2 doe§ooo. Vokrouhlicky and>apek, 2002; Bottke et al., 2003)

not exist) via anelastic tidal processes (e\Ward, 1975; Rubincam (20003ndVokrouhlicky andCapek (2002gom-
Peale, 1977; Gladman etal., 1998he same canbe said for 1, ;te that YORP torques should drive Eros’ obliquity to-

Mercury (e.9.Ward, 1975; Peale, 1974, 198hd, inagen- 5145 90, provided the surface thermal conductivity is
eralized way, Venus (e.gWard, 1975; Ward and De Cam-  x_ g \w/(mK). They also found that the typical timescale
pli, 19,79; Dobrovolskis, 1980; Correia and Laskar, 2001; to significantly affect the obliquity by the YORP effect is
Correia etal., ZOQB i . ~500-700 Myr. If Eros had a 9bliquity before it left the

In order to estimate t_he ro_Ie of tidal effgcts on Eros spin- i belt, it would have a much larger probability of resid-
state, we use the Darwin-Mignard modlignard, 1979) i 5 spin—orbit resonance today (see probability values
To keep our model simple, we assume that tidal torque for 3 in the Table 3. Capek and Vokrouhlicky (2004pn the
a body on circular orbit about the Sun; this approximation jiar hand, found that for valuds > 5 x 10-4 W/(m K) the
does.not effect our results unless Eres> 0.6. Using the asymptotic YORP obliquity becomes @r 180 and near
notation from Sectio, we have: that threshold value of the surface conductivity the obliquity
evolves on a timescale about an order of magnitude longer
than with K ~ 0 W/(mK). Though there is considerable
uncertainty abou values for all asteroids, it is believed
where we introduced a nondimensional, tidal-strength factor that Kk ~ 0.001 W/(mK) are common among Eros-sized

( ) main belt asteroids. The infrared observationdvigrrison

T=—-n?CB (e+ ncoss — 22 n) +0(e), (27)
w

3

F=3

SMa?  kps
C 1-nj/o

R4

a

(1976) while providing an indirect measure only, indicate
a slightly higher value of the thermal conductivity. Still, if

(28)
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