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Abstract

Starting convection in the power-law creep regime on the silicate and icy plane-
tary bodies requires a finite amplitude initial perturbation. The requirement for a
finite-amplitude perturbation raises an important question: How large does the per-
turbation have to be to cause convection? Because the problem is highly nonlinear,
both the amplitude and shape of the optimal perturbation for starting convection
is important. Here we suggest some preliminary constraints on how the critical
Rayleigh number depends on the amplitude and form of temperature perturbation
issued to an initially conductive two-dimensional horizontal fluid layer with a fixed
temperature contrast between the boundaries. At Rayleigh numbers much larger
than the absolute minimum critical Rayleigh number, Ra}. (the Rayleigh num-
ber below which all perturbations decay regardless of their amplitude) the critical
perturbation necessary to initiate convection is 6T ~ (RT?/E)(Raf,/Ra)™ 1

where RT?/E is the rheological temperature scale, E is the activation energy, and
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T is the temperature at the base of the layer. A perturbation of this amplitude has
to be located in the rheological sublayer — in the least viscous region located at the
base of the layer. The wavelength of most efficient perturbations scales with the

thickness of the rheological sublayer.
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1 Introduction

Understanding the conditions for the onset of convection in fluids with com-
plicated rheologies is essential for models of the dynamics and evolution of
planetary interiors. This information is necessary to address long-standing
questions about the interiors of terrestrial planets and icy satellites: Does
convection occur beneath the lithospheres of the terrestrial planets and icy
satellites (Schubert et al. 1969; Reynolds and Cassen 1979; McKinnon 1999;
Solomatov and Moresi 2000; Barr et al. 2004; Barr and Pappalardo 2005)?
Do small-scale instabilities occur beneath continents and oceans on Earth
(Davaille and Jaupart 1993; Korenaga and Jordan 1993; Lenardic and Moresi

1999; Sleep 2005) and at the base of the mantle (Solomatov and Moresi 2002)?

Although the onset of convection in constant viscosity fluids (Chandrasekhar
1962) and in temperature-dependent viscosity fluids (Stengel et al. 1982; Solo-
matov and Barr 2006, 2007) has been well-studied, the onset of convection in
power-law viscosity fluids where dislocation creep and/or grain boundary slid-

ing accommodate strain, is not well-understood. The dislocation creep is a
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strong competitor to diffusion creep in planetary mantles and it is not easy to
draw the boundary between the two (e.g. Solomatov and Moresi 2000). The
dislocation creep regime may dominate convective instabilities in silicate bod-
ies if one takes into account grain growth which tends to suppress diffusion
creep while has no effect on dislocation creep (Karato and Wu, 1993). In icy
satellites, convective instability may be governed by weakly non-Newtonian
grain boundary sliding if ice grain sizes exceed 1 mm (Barr and Pappalardo

2005; Barr and McKinnon 2006).

The linear onset of convection in the dislocation creep regime has been stud-
ied by Birger (1980, 2000). His solutions describe the onset of convection for
infinitesimal amplitudes, when Andrade law is applicable. At large amplitudes
one needs to consider power-law rheology. The main difficulty of this problem
is that this is a finite-amplitude instability — the viscosity tends to infinity for
infinitesimal-amplitude perturbations. It is hard to see how one can avoid this
singularity. Even if the initial stage is described by a transient creep law (such
as Andrade law), after about 10% of deformation, the creep is in a steady-
state regime (from the point of view of dislocation dynamics) and one has to
investigate how the flow will involve after that. This issue was addressed in
(Solomatov and Barr 2006), where we investigated the onset of convection in
strongly temperature-dependent, power-law viscosity fluids for a layer with a

fixed temperature difference between the boundaries. We calculated the abso-
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+, below which all perturbations

lute minimum critical Rayleigh number, Ra
decay independently of the amplitude. Although it is useful to know when
convection does not occur, it may be more important to know when it does

occur. This is a more difficult problem because both the amplitude and shape

of the perturbations play a large role. This problem has many similarities with



other problems in nonlinear fluid dynamics such as transition to turbulence

(Landau and Lifshitz 1987).

2 Model

We use equations of thermal convection in the Boussinesq approximation. We
study convection in an a X 1 box with free-slip boundaries. The temperature of
the upper boundary 7" = 0 and the temperature of the lower boundary 7" = 1.

The viscosity is temperature and stress dependent,

1-n

n=0br' " exp(—T) (1)

where 7 is the second invariant of the stress tensor, n is the stress exponent,
and 7 controls the variation of viscosity due to temperature alone, and can
be related to the activation energy in the laboratory-derived creep law (e.g.

Solomatov and Moresi, 2000).

The problem is characterized by two non-dimensional parameters: the viscosity

contrast due to temperature alone,

An = exp(f) (2)

and the Rayleigh number

(n+2)/n
R — agpATd ’ 3)

rl/npl/n

where § = y"'AT, AT is the temperature difference between the boundaries,
and d is the thickness of the convective layer. Typical values are An ~ 10% —

10' (Solomatov and Moresi 1997; Barr et al. 2004).



The Nusselt number, which describes the nondimensional convective heat flux,

is defined as

Fd

Nu=2AT )

where F' is the heat flux, £ = pcyk is the thermal conductivity, and ¢, is the
isobaric specific heat. When convection occurs, Nu > 1, Nu = 1 indicates no

convection, and Nu ~ 1 indicates sluggish convection.

We perform simulations of convection using the finite element model CITCOM
(Moresi and Solomatov 1995). We generally use m = 64 vertical elements and
vary the number of elements in the horizontal direction (which has variable
width a — the aspect ratio) to keep the elements approximately square. We
perform a few simulations with m = 128 and estimate that the errors due to

numerical resolution are < 1%.

3 Perturbation function

We will take the advantage of the main physical feature of convection at large
viscosity contrasts (stagnant lid regime) — that convection is confined to the

rheological sublayer at the bottom.

First, it is clear that perturbations located outside of the rheological sublayer,
that is in the stagnant lid, do not help drive convective motion because they
quickly diffuse away. To be effective, the perturbation has to be localized in
the rheological sublayer. The most effective perturbation can be constructed

using the solution at the critical point, Ra = Ra}

+» where a steady finite-

amplitude solution exists. At Ra < Ra}. all convective motions eventually



decay regardless of the initial condition.

The solution at Ra = Ra}, has all the essential features for an optimal tem-
perature perturbation function: the temperature perturbation is largest in
the rheological sublayer and disappears in the stagnant lid. This is probably
the most energetically efficient perturbation that one can possibly construct.
Thus, a perturbation can be constructed from the temperature field of the

convecting fluid with ¢ = a},, Ra = Ra}, as

To(iﬁ, y) = Teonda + f(Tc*r(.T, y) - y) (5)

where T}%(z,y) is the temperature field at the critical point and & is the per-
turbation amplitude. When & = 0, the initial temperature field is purely con-
ductive. When & = 1, the initial temperature field is identical to the solution

at a = a’, and Ra}., which yields Nu,.

For a given perturbation amplitude, & < 1, one can find the critical Rayleigh

number, Ra. () at which the system becomes unstable.

An example of calculations of the critical Rayleigh number for n = 3 and
exp(f) = 10" is shown in Figure (1). The results are presented in Ra — Nu
axes rather than Ra — &. The Nusselt number of steady-state solutions is
calculated from Eq. (4). The Nusselt number corresponding to a perturbation

with £ < 1 is related to & as

Nu(§) =14 &(Nug, — 1). (6)

The meaning of the Nusselt number calculated by Eq. (6) is that this is the

initial Nusselt number of the convective flow caused by the perturbation of



amplitude £. If Ra < Rae(€), then the perturbation will decay and the Nusselt
number will decrease from Nu = Nu(§) to Nu = 1. If Ra > Rac(§), then

the perturbation will grow and reach a finite-amplitude solution with Nu >

Nu(©).

Theoretically, there must exist an exact temperature field and the correspond-
ing convective flow such that at Ra = Ra.(£) the flow is steady, that is
0T /0t = 0 everywhere. In the absence of any perturbations, it would per-
sist indefinitely but would become unstable to infinitesimal perturbations - it
would either decay or grow. These solutions constitute the so-called unstable
branch (Busse 1967; Palm 1975; Drazin and Reid 1981) and can be plotted on

the same diagram in the Nu — Ra axes.

Although the exact calculation of the unstable branch is beyond the scope of
this paper, the function Nu(Ra.) calculated by Eq. (6) gives some idea of
how the actual unstable branch looks like. A similar type of calculations give
a reasonable approximation for the unstable branch for n = 1 (Solomatov and
Barr 2007). From the point of view of nonlinear dynamics, the diagram shown
in Fig. 1 is a bifurcation diagram. The critical point at Ra = Ra}, is called a

saddle-node bifurcation.

3.1  Comparison of perturbation functions

Although the special perturbations constructed using the critical solution are
the most efficient ones, it is interesting to explore how the onset of convec-
tion depends on the shape of the perturbation. Below we conduct a simple

test in which we compare the critical Rayleigh numbers for different initial



perturbations for the case n = 3, exp(#) = 10%.

First, a reference perturbation is constructed as usual: we take the near-critical
stable solution for n = 3 and exp(f) = 10?° and reduce the temperature

anomaly of the near-critical convective solution by a factor of £ = 0.1 (Eq. 5).

A different type of perturbation may be constructed using a trigonometric

function

0T sin = 6Ty sin(0.57z/a) sin|m(y — yo)/ (ys — ys)] (7)

which is confined within a sublayer y; < y < 5. The perturbation is zero out-
side of this sublayer. This perturbation is added to the conductive temperature

profile T.onq = ¥:

Tsin = Tcond + (5Tsin- (8)

The amplitude §7 is adjusted so that it matches the amplitude of the reference

perturbation.

Experiments with various initial conditions (Fig. 2) show that the shape of the
perturbation is not very important provided the perturbation is located within
the rheological sublayer. Perturbations in the stagnant part of the layer are
very ineffective in driving fluid motion. Starting convection from temperature
fluctuations localized in the stagnant lid may require perturbation amplitudes
and/or Rayleigh numbers orders of magnitude larger than a similar-amplitude
perturbation located in the rheological sublayer. In the case of an arbitrary
perturbation, the onset of convection will depend on whether or not the ini-

tial perturbation will diffuse into the rheological sublayer and will have a



sufficiently large amplitude in the rheological sublayer.

3.2 Results

First, we reached the lowest possible Rayleigh number at which steady-state
convection still exists and estimated the parameters at the critical point using

parabolic functions in the vicinity of the critical point (Fig. 1). This gives us

*
Ccr’

the absolute minimum critical Rayleigh number, Ra},, and the corresponding
Nusselt number, Nu?.. We also calculated the maximum amplitude of lateral
temperature variation, 07}, which we use as a measure of the perturbation

amplitude.

Second, we calculated the critical Rayleigh number for the onset of convection
as a function of perturbation amplitude, &, using the perturbation function

from the critical solution at Ra = Ra!., as described above. The results are

cr’

summarized in Table 1 and Fig. 4.

4 Criterion for finite amplitude instabilities

4.1  Scaling analysis

Numerical simulations show that when the initial perturbation, 07", is imposed
on the system, the flow grows or decays very quickly (unless 07 is very close
to the critical value). This means that the viscosity and the Rayleigh number

based on the effective initial stress

Teff ™~ apgéTdsub (9)



can be used to predict the onset of convection.

Following Stengel et al. (1982) and Solomatov (1995), we determine this
Rayleigh number at the mean temperature of the rheological sublayer of thick-

ness dy, and the effective stress (9):

4 1/n
apg(dT/dy)dsub )] } ’ (10)

kb7 " exp[—0(1 — dgup/2d

Ra'sub = {

where dT'/dy = AT/d is the temperature gradient in the layer. Although it
is not important here, we used the power 1/n to ensure that this Rayleigh

number is reduced to the usual one when 7 = apg(dT/dy)d2,,.

The requirement ORagyp,/ddsy, = 0 gives the thickness dgyp, of the rheological

sublayer and the temperature difference ATy, across the rheological sublayer:
dsup = 2(n + 3)07'd, (11)
AT, = 2(n + 3)07'AT. (12)
Equation 11 gives us the thickness of the sublayer with the largest Rayleigh
number (the most unstable sublayer). Putting the value of (11) back into Eq.
(10) gives us the Rayleigh number for the sublayer. The onset of convection can

be determined by requiring that this sublayer is at the boundary of convective

stability:
Ra'sub = Racr(n): (13)

where Rac.(n) is the critical Rayleigh number for a fluid whose viscosity does

not depend on temperature.
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We obtain that the critical Rayleigh number is

(n+3)/n (n—1)/n
6 AT
— v (n+3)/n | =~ 14
Ray v = Raee(n) l2(n+ 3)] e [(5T] (14)
or
0 2(n+1)/n AT. . 7@m=1)/n
— _7 (n+3)/n _jﬂ] 1
Rarer = Raee(n) l?(n—i-?))] ¢ [ oT (15)

Equation (15) gives the desired dependence of the Rayleigh number on the am-
plitude of the perturbation. It is applicable for small perturbation amplitudes
and cannot be applied at large perturbations, AT ~ ATy, that is near the
critical point where the function should become parabolic. At AT > ATy, the
perturbation amplitude does not matter any more — the critical Rayleigh num-
ber cannot be smaller than the absolute minimum critical Rayleigh number,

Ra*

cr

(as noticed by Barr et al. 2004).

4.2 A criterion for the onset of convection

To obtain a criterion for the onset of convection by finite-amplitude perturba-
tions, first we find a scaling law for 677.. Figure 3 shows that the amplitude
of lateral temperature variations scales very well with the rheological temper-

ature scale (12):

6T =0.9(n+3)0 . (16)
The boundary Ra(0T) for the onset of convection can now be described by
combining this equation with the results in Figure 4.
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At Ra/Ra}, > 3, the scaling formula obtained in the previous section com-

presses the data reasonably well (Fig. 4):

«\ (n=1)/n

T,

}iﬁ ~ 2.5 (%;) , Ra > 3Ra,. (17)
cr

In the range between Ra = Ra}, and ~ 3Ra;, the temperature perturbation

required to initiate convection is roughly

Ra T} .
Rar. ST Ra < 3Ra,,

(18)

where Raf, is the absolute minimum critical Rayleigh number.

4.8 Absolute minimum critical Rayleigh number

The absolute minimum critical Rayleigh number was estimated by Solomatov
(1995) in the limit of large viscosity contrasts:

@ exp-o/m) (19)

Ra’cr,th = Rac(n) [m

where Rae,(n) = Rae(1)/"Rag(00)™ Y/ Ra,, (1) = 1568, and Ra, (o) =

20.

Numerical calculations by Solomatov and Barr (2006) showed that this formula
is accurate only within a factor of 2. It is unclear whether there is a simple
power-law scaling for Ra?.. The following formula seems to provide a good
interpolation for data from n = 2 to 4 and in the range between exp(f) = 10"

and 10*° (Table 1 and Fig. 5):
Rat, = (n-+ 18R, 20)

12



Note that the slope systematically decreases with 6 for all n, so the coefficient
0.3 in the above formula is an average value in the range between exp(f) = 10°
and 10%°. Also, the case n = 1 is noticeably different from n > 1 and is not
accurately described by the above formula. This might be related to funda-
mental differences between n = 1 and n > 1. For n = 1, the existence of
hysteresis (the difference between the absolute critical Rayleigh number Ra?,
for cessation of convection and the critical Rayleigh number for the onset of
convection by infinitesimal perturbations) or in nonlinear dynamics terminol-
ogy, the saddle-node bifurcation, is solely due to the temperature-dependent
viscosity. For n > 1, the critical Rayleigh number for the onset of convection
by infinitesimal perturbations is infinity and the hysteresis (the saddle-node
bifurcation) exists not only because of the temperature-dependent viscosity

but also because of stress-dependence (Appendix A).

5 Discussion and conclusion

Unlike constant viscosity fluids where there is a single critical Rayleigh number
for the onset of convection, whether convection occurs in fluids with variable
viscosity can depend on the perturbation amplitude. In power-law viscosity flu-
ids, initiation of convection is always a finite-amplitude instability. Solomatov
and Barr (2006) estimated the absolute minimum critical Rayleigh number for
the onset of convection in strongly temperature-dependent, power-law viscos-
ity fluids. Here we addressed the question: How large does a finite-amplitude

perturbation have to be to initiate convection in power-law viscosity fluids?

Temperature perturbations that are most effective at driving convective mo-

tion are located inside the rheological sublayer — in the portion of the fluid

13



layer where the viscosity is smallest. Perturbations with the lateral length
scale of the order of the rheological sublayer thickness are most effective at
starting convection. The onset of convection does not depend on the pertur-
bation amplitude if the perturbations inside the rheological sublayer greater
than or equal to AT = 0.9(n + 3)RT?/E, where T is the temperature at the

bottom of the layer and E is the activation energy.

For near-solidus silicates at near-solidus temperatures, AT} ~ 300 K (e.g. for
T = 1700 K and “wet” olivine rheology n = 3 and E = 430 kJ mol!, Karato
and Wu 1993). In terms of the effectiveness for initiation of convection, am-
plitudes larger than AT, are equivalent to those with 67" ~ AT, because this
is the maximum amplitude which can be sustained by convection. Perturba-
tions with larger amplitudes will decay to AT}.. For 6T > AT} the absolute
minimum critical Rayleigh number, Ra, can be used to predict the onset of
convection. The value of Ra}, was estimated by Solomatov (1995) and con-
strained numerically by Solomatov and Barr (2006) and this study, Egs. (19,

20).

When the temperature perturbations are small (677 < AT}) the critical
Rayleigh number oc 1/§T. For example, a perturbation 67" ~ 0.5AT will
trigger convection when Ra ~ 2Ra?,. This criterion can be used for perturba-
tions as low as about ~ 0.3AT}. ~ 100 K for power-law creep in silicates. The
scaling law (17) gives the critical Rayleigh number in the limit of very small
perturbations. For example, if the perturbations are only about 10 K, then

the critical Rayleigh number for the onset of convection is ~ 20Ra;,.

It may, in theory, possible to start convection in a fluid layer by imposing

a perturbation outside of the rheological sublayer, that is in the stagnant

14



part of the layer. Such a situation may occur in planetary mantles whose
surfaces are being warmed by impacts (e.g. Reese et al. 2002). In this case,
the onset of convection can be substantially delayed because convection will
only start when a temperature anomaly of sufficiently large amplitude (as

discussed above) reaches the rheological sublayer by thermal diffusion.

Although we believe that this study has shed light upon the finite-amplitude
onset of convection for power-law viscosity fluids, a comprehensive theory is yet
to be developed. Recently-developed approaches employing energy methods

have shown promise in addressing this type of problems (Capone and Gentile

1994).
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Appendix A: Power-law viscosity without temperature dependence

Here we show that onset of convection in power-law fluids requires a substan-
tial finite amplitude perturbation even when the viscosity does not depend on
temperature. This is in stark contrast with Newtonian fluids where the finite-
amplitude onset of convection below the critical Rayleigh number predicted by
linear theory is only due to temperature-dependent viscosity. Also, the calcu-
lations presented below can be compared with various laboratory experiments
and previous numerical calculations, thus providing an additional test for our

approach.
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The results of calculations of the critical Rayleigh number for n = 1.1, 1.3, 2
and 3 are shown in Fig. 6. These calculations are performed with rigid upper
and lower boundaries to make a better comparison with previous studies. Also,
earlier numerical studies were performed with ¢ = 1, so we use a = 1. The
comparison of cases with @ = 0.9, 1 and 1.1 showed that a = 1 gives the

maximum Nusselt number. Thus, a. ~ 1.

Our estimates of the critical Rayleigh number are higher than estimates ob-
tained in previous work. The latest estimates were obtained by Ozoe and
Churchill (1972) who had the highest values of the critical Rayleigh number
but argued that their results are most accurate at the time. Yet, our results
are slightly higher than even Ozoe and Churchill (1972), which may be due to
several factors. First, Ozoe and Churchill (1972) used a much coarser grid than
ours and extrapolated their results to a finer grid. Second, the Prandt]l number
in Ozoe and Churchill’s (1972) calculations was ~ 10 while in our calculation
it is infinite. Finally, they found the critical Rayleigh number by extrapolating

Nu(Ra) to Nu = 1, but it should be extrapolated to Nu = Nu,, (Fig. 7).
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Table 1

n  exp(6) Rag, a:  Nug AT
1 10 294x10* 041 1.19 0.158
1 12 5.61x107% 035 1.17 0.130
1 14 9.77x10°% 031 1.16 0.112
1 16 1.58 x 1072 0.28 1.14 0.097
1 18 243 x107'' 0.26 1.13 0.088
1 20 357x10%% 024 1.12 0.079
2 10 2.90 x 101 0.53 1.29 0.189
2 20 1.81 x 107 0.31 1.16 0.098
2 30 550x10719 0.22 1.12 0.065
2 40 1.23x107" 0.17 1.09 0.048
310 2.40 0.61 1.37 0.238
320 549 x 1073 036 1.21 0.114
330 6.80 x 1076 0.26 1.14 0.076
340 6.42x10°° 0.20 1.11 0.056
4 10 6.25 0.68 1.43 0.263
4 20 862x107%2 041 1.24 0.129
4 30  6.77x10°* 030 1.17 0.089
4 40 4.15x107% 0.24 1.13 0.063
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Fig. 1. (a) The Nusselt number as a function of Rayleigh number, normalized by
the absolute minimum critical Rayleigh number, Ra?, for n = 3 and An = 10%0.
The steady-state convection solutions are shown as circles connected by a solid
line. The critical point is shown with a large solid circle. The Nusselt number,
Nu = 1+ {(Nuy, — 1), of perturbations as a function of the critical Rayleigh
number for the onset of convection (the “subcritical branch”), is shown with open
circles connected by dashed line. (b) A zoomed view near the critical point. The
expected parabolic fit Nu — Nu}, ~ (Ra/Ra}, — 1)? near the critical point (Landau

and Lifshitz 1987) is shown with a dotted line.
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Fig. 2. Four finite amplitude temperature perturbations §7'(z,y) used to initiate
convection for n = 3 and exp() = 10%0. The temperature scale (vertical axis) is
the same for all plots. (a) Here the perturbation is constructed using the temper-
ature variation 07T} (z,y) = T (z,y) — y of the critical solution (at the absolute
minimum critical Rayleigh number, Ra}, = 5.5 - 10~3) and reducing its amplitude
by a factor of ( = 0.1, 6T(z,y) = (012 (z,y). (b) Same as (a) but the horizontally
averaged temperature is removed from the perturbation so that foa 0T (z,y)dz = 0.
(c) A simple harmonic perturbation is introduced at the bottom of the layer (the
rheological sublayer), whose peak-to-peak amplitude is approximately the same as
for (b). (d) The harmonic perturbation is shifted to the middle of the layer. The
values of the critical Rayleigh number for the onset of convection are similar in the
first three cases (0.054, 0.062 and 0.064 respectively), but in the last case it is one

order of magnitude larger (~ 0.61).
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Fig. 3. (a) Dependence of the amplitude of the horizontal temperature difference,

AT,

o, at the absolute critical point on 6 for n = 1 (open circles), 2 (circles), 3

(squares) and 4 (triangles). The slope of the fitting curves is -1 within 1 to 2% for
all n. (b) The amplitude of the horizontal temperature difference, AT}, normalized

by 0.9(n + 3)61.
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Fig. 4. (a) Summary of numerical constraints on the boundary between convection
and conduction for finite initial perturbations: n = 2 (solid line), 3 (dashed line) and
4 (dotted line). For each n, calculations were performed for exp(6) = 10'°, 1020, 1030
and 10%° (the boundaries migrate upward with ). The critical Rayleigh number,
Rac, is normalized by its absolute minimum critical value Raf.. The temperature
perturbation (relative to the conductive profile Tcong = 2) is normalized by the
temperature perturbation at Ra = Ra}, so that 67/6Ty = 1 at Rae/Ra}. = 1. (b)

The same data are shown in axes Ra/Raj, and (6T /5Tc*r)(n—1) /n
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Fig. 5. (a) Ratio of the calculated absolute minimum critical Rayleigh number, Ra};
to the theoretical value Ra, . for n =1 (open circles), 2 (circles), 3 (squares) and
4 (triangles). The solid lines are the fitting curves: Raf,/Rag, ., = af~? with (a,b)
= (1.7, 0.39), (2.9, 0.30), (4.0, 0.30), (5.0, 0.31) for n =1, 2, 3 and 4 respectively.

(b) The ratio Raj, 1,/ Racr,m normalized by (n + 1)§7%2.
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Fig. 6. Critical Rayleigh number for fluids with a solely stress-dependent viscosity,
as a function of the power-law exponent n~!. Solid circles connected by a solid line
(n =1.1, 1.3, 2 and 3) are our results. Pluses corresponds to the the experimental
data by Tien et al. (1969). The numerical results by Ozoe and Churchill (1972) are
shown with a dotted line. The numerical results by Tien et al. (1969) are shown

with a solid line (for two-dimensional rolls) and a dashed line (for hexagonal cells).

26



2.5 T T

Nu

1.5 .

| |
%OO 400 500 600
Ra

Fig. 7. The Nusselt number as a function of Rayleigh number near the critical point
(small solid circles) for n = 2 and = 0 (no temperature dependence). The parabolic

fit is shown with a solid line. The critical point is shown with a large solid circle.
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