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Abstract

The onset of convection in the power-law creep regime on the silicate and icy planetary bodies requires a finite amplitude initial
perturbation. This is a nonlinear problem and thus, both the amplitude and shape of the perturbation are important. We performed
numerical simulations of the onset of convection in a two-dimensional layer with a fixed temperature contrast between the boundaries
and in the stagnant lid regime of temperature-dependent viscosity convection. The optimal perturbations are located at the bottom of
the layer (in the rheological sublayer) and have the wavelength of about twice the thickness of the rheological sublayer. The critical
Rayleigh number for the onset of convection by optimal perturbations is calculated for a broad range of viscosity parameters. The

results are summarized in terms of simple scaling relationships.

© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Constraints on the onset of convection in fluids
with complicated rheologies are necessary to address
long-standing questions about global convective stabil-
ity of the interiors of terrestrial planets and icy satellites
(Schubert et al., 1969; Reynolds and Cassen, 1979;
McKinnon, 1999; Solomatov and Moresi, 2000; Barr et
al., 2004; Barr and Pappalardo, 2005) as well as small-
scale instabilities beneath continents and oceans on Earth
(Jaupart and Parsons, 1985; Davaille and Jaupart, 1994;
Lenardic and Moresi, 1999; Korenaga and Jordan, 2003;
Huang et al., 2003; Sleep, 2005; Dumoulin et al., 2005)
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and at the base of the mantle (Yuen and Peltier, 1980;
Solomatov and Moresi, 2002).

Although the onset of convection in constant
viscosity fluids (Chandrasekhar, 1961) and in
temperature-dependent viscosity fluids (Stengel et
al., 1982; Richter et al., 1983; White, 1988) has been
well studied, the onset of convection in power-law
viscosity fluids, where dislocation creep and/or grain
boundary sliding accommodate strain, is not well
understood. Dislocation creep is a strong competitor to
diffusion creep in planetary mantles and it is not easy
to draw the boundary between the two. The dislocation
creep regime may dominate convective instabilities in
silicate bodies if one takes into account grain growth,
which tends to suppress diffusion creep but has no effect
on dislocation creep (Karato and Wu, 1993). In the
terrestrial planets, convective instabilities at the bottom
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aspect ratio of the convective box

critical aspect ratio in linear stability anal-
ysis

aspect ratio at the critical point
pre-factor in the viscosity function
isobaric specific heat

depth of the convective box

thickness of the rheological sublayer
activation energy

heat flux

acceleration due to gravity

thermal conductivity

width of the convecting box

stress exponent

Nusselt number

Nusselt number at the critical point

gas constant

Rayleigh number

critical Rayleigh number

absolute minimum critical Rayleigh num-
ber for stress-dependent viscosity

a constant in the scaling law

Rayleigh number for the sublayer
perturbation-dependent critical Rayleigh
number

absolute minimum critical Rayleigh num-
ber

theoretically estimated absolute minimum
critical Rayleigh number

time

temperature

temperature contrast between the upper
and lower boundaries

temperature of a conductive layer
temperature contrast across rheological
sublayer

surface temperature

bottom temperature

temperature field with imposed perturba-
tion

velocity

horizontal coordinate

vertical coordinate

lower boundary of the sinusoidal pertur-
bation

upper boundary of the sinusoidal pertur-
bation

thermal expansion

coefficient in the viscosity function

8T temperature perturbation

8Ty critical perturbation for the onset of con-
vection

8Tg4n  sinusoidal temperature perturbation

0T temperature perturbation constructed
from the critical solution

STE amplitude of temperature variation at the

critical point
8T'¢ temperature perturbation with zero hori-
zontal average

8Ty amplitude of sinusoidal temperature per-
turbation

An viscosity contrast between the upper and
lower boundaries

n viscosity

0 Frank—Kamenetskii parameter

K coefficient of thermal diffusivity

A perturbation wavelength

A% optimal wavelength

& coefficient controlling the amplitude of
temperature perturbation

T second invariant of deviatoric stress tensor

T stress due to initial perturbation

of the lithosphere are controlled by dislocation creep if
the grain size exceeds ~1 mm (Solomatov and Moresi,
2000). This is a possible situation because the grain size
in the Earth’s mantle varies from 0.1 mm to 1 cm (Karato
and Wu, 1993). In icy satellites, convective instability
may be governed by weakly non-Newtonian grain
boundary sliding if ice grain sizes exceed 1 mm (Barr
and Pappalardo, 2005; Barr and McKinnon, 2007).

The onset of convection in power-law viscosity flu-
ids was investigated by Tien et al. (1969) and Ozoe and
Churchill (1972). The onset of convection in the dis-
location creep regime of Earth’s materials was studied
by Birger (1998, 2000). Birger’s (1998, 2000) solutions
describe the onset of convection for infinitesimal ampli-
tudes, when the Andrade law is applicable (transient
creep). However, even if the initial stage is described
by the Andrade law, after about 10% strain the creep is
in a steady-state regime (from the point of view of dislo-
cation dynamics) and one has to investigate how the flow
will evolve after that. Thus, one still needs to consider
power-law viscosity.

Solomatov (1995) suggested an approximate equa-
tion for the onset of convection in the stagnant lid
regime of temperature-dependent, power-law viscosity
convection in a layer with a fixed temperature difference
between the boundaries. In this regime, convection is
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confined within a low viscosity sublayer at the bottom
of the convective layer (the rheological sublayer), while
the upper part of the layer is stagnant. According to the
terminology which we use in this paper, Solomatov’s
(1995) equation gives the absolute minimum critical
Rayleigh number, Ray,, below which all perturbations
decay independently of the amplitude. This equation
was tested numerically by Barr et al. (2004), Barr and
Pappalardo (2005) and Solomatov and Barr (2006). In
the latter work, we determined the absolute minimum
critical Rayleigh number by starting with a steady-state
convection solution and reducing the Rayleigh number
in small steps until convection collapses. This approach
does not require using any perturbation functions and
gives the most accurate estimate of the absolute mini-
mum critical Rayleigh number.

Although it is useful to know when convection does
not occur, it might be more important to know when it
does occur. This is a more difficult problem. Barr et al.
(2004) and Barr and Pappalardo (2005) investigated the
onset of convection by sinusoidal perturbations (for ice
rheology). The use of sinusoidal functions is motivated
by the standard linear theory where the stability is ana-
lyzed in terms of Fourier components (normal modes).
However, the linear theory methods are not applicable to
nonlinear problems where the interaction between nor-
mal modes become important. Both the amplitude and
shape of the perturbations can play a large role and thus,
there is an infinite choice of possible initial conditions
that one can explore.

Given this complexity, we believe that it would be use-
ful to focus on the most effective perturbations: if we can
understand what type of perturbations are most effective
at triggering convection, then we can have a better idea
how to analyze other types of perturbations. Here we
investigate how the shape of the perturbation affects the
onset of convection and suggest preliminary constraints
on the dependence of the critical Rayleigh number on
the amplitude of the most effective perturbations for a
broad range of viscosity parameters.

2. Model

We solve equations of thermal convection in the
Boussinesq approximation in a rectangular box with
free-slip boundaries and aspect ratioa = L/d where d is
the depth and L is the width of the box. The temperature
of the upper boundary T = Ty and the temperature of
the lower boundary 7' = T7. The viscosity is temperature
and stress dependent:

n = bt' ™" exp(—yT), (1

where t is the second invariant of the deviatoric stress
tensor, n is the stress exponent, and y controls the vari-
ation of viscosity due to temperature alone.

The exponential function (1) is an approximation to
the original Arrhenius viscosity function. This approx-
imation (Frank—Kamenetskii approximation) has been
justified for various problems (Morris, 1982; Morris and
Canright, 1984; Ansari and Morris, 1985; Fowler, 1985;
Davaille and Jaupart, 1994; Reese et al., 1999). The
parameter y is related to the activation energy, E, in the
laboratory-derived creep law:

E

= RT? @

14
where R is the gas constant.

The equations of thermal convection are nondimen-
sionalized using d for the length scale, d?/k for the
time scale, where « is the thermal diffusivity, and AT =
T1 — Ty for the temperature scale. The non-dimensional
viscosity of the fluid is described by two parameters,
the stress exponent, n, and the viscosity contrast due to
temperature alone:

An = exp(6), 3
where
0 = yAT 4)

is the Frank—Kamenetskii parameter. Typical values for
rocks and ice are An=a 10°~ 10'® (Solomatov and
Moresi, 1997; Barr et al., 2004).

The Rayleigh number is defined as follows:

n+2)/n
Ra=2802°C Ale( ! , (5)
«l/npl/n
where « is the coefficient of thermal expansion, g is the
acceleration due to gravity and p is the density.

The Nusselt number, which describes the nondimen-

sional convective heat flux, is
Fd
Nu=——, ©6)
kAT
where F'is the heat flux, kK = pcp« is the thermal conduc-
tivity, and c), is the isobaric specific heat. For vigorous
convection, Nu > 1, for sluggish convection, Nu ~ 1
and in the absence of convection (a linear conductive
temperature profile), Nu = 1.

The simulations are performed using the finite ele-
ment code CITCOM (Moresi and Solomatov, 1995). We
generally use m = 64 vertical elements and vary the
number of elements in the horizontal direction (which
has variable width a—the aspect ratio).
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3. Bifurcation diagram for temperature-
dependent, power-law viscosity fluids

Before we will discuss the perturbation-dependent
onset of convection, it is useful to describe the behav-
ior of our system (a two-dimensional convective box
of aspect ratio a) in terms of nonlinear dynamics
(e.g., (Drazin and Reid, 1981; Drazin, 1992; Strogatz,
1994)).

The amplitude of the motion of this system can
be characterized by velocity amplitude which can be
defined, for example, as an r.m.s. velocity. To character-
ize the state of the system, one can use other parameters
such as the Nusselt number Nu (Eq. (6)). The behavior
of the system is controlled by the Rayleigh number—the
control parameter.

The behavior of the system can be analyzed using
a bifurcation diagram in axes Rayleigh number (con-
trol parameter) and velocity (amplitude). One can also
analyze the behavior of the system in axes Ra—Nu.
Steady-state solutions of convection equations can be
either stable or unstable to infinitesimal perturbations. A
line formed by stable solutions on the bifurcation dia-
gram is called a stable branch. The unstable solutions
form an unstable branch. The stable steady-state solu-
tions can easily be obtained in laboratory experiments
or numerical simulations. The unstable steady-state con-
vection solutions are formal solutions of the convection
equations with d7/0t = 0. These solutions are unsta-
ble to infinitesimal perturbations and are impossible to
obtain in laboratory experiments.

As an example, consider a bifurcation diagram for
a two-dimensional constant viscosity box with free-slip
boundaries (Fig. 1 (a)). The critical Rayleigh number and
the critical aspect ratio are Racy = 657.5 and a = V2,
respectively. The conductive solutions at Ra < Rag
constitute a stable branch with Nu = 1. Convection
begins at Ra = Rac;. At Ra > Rac, the large-amplitude
steady-state convective solutions are located on a stable
branch originating at Ra = Rac, Nu = 1. In the super-
critical region, the conductive solutions are unstable to
infinitesimal perturbations and form an unstable branch.
Note that near Ra = Rac; the Nusselt number corre-
sponding to the stable branch increases linearly with Ra
(Malkus and Veronis, 1958; Schliiter et al., 1965).

The point Ra = Ragr, Nu = 1 is called a bifurcation
point. The stable branch corresponding to conductive
solutions at Ra < Rac, bifurcates into two branches—
the unstable conductive branch and stable large-
amplitude convective branch (note that the latter consists
of two branches if one consider clockwise and counter-
clockwise flows). This type of bifurcation is called a
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Fig. 1. Bifurcation diagram in Ra— Nu axes for (a) constant viscos-
ity convection, (b) temperature-dependent viscosity convection and (c)
power-law viscosity convection (with or without temperature depen-
dence). The stable branches are shown with solid lines. Unstable
branches are shown with dashed lines.

pitchfork bifurcation. Because the bifurcation extends in
the supercritical region (Ra > Racy), it is called super-
critical pitchfork bifurcation.

For temperature-dependent viscosity fluids, there are
two bifurcation points (Busse, 1967; Palm, 1975; Richter
et al., 1983): Ra = Rac;, Nu=1 and Ra = Ra*

cr?
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Nu = Nu}, (Fig. 1(b)).The point Ra = Rac;, Nu =1
is a subcritical pitchfork bifurcation—it branches back-
ward, in the subcritical region. Similarly to the constant
viscosity case, the conductive solutions at Ra > Rac,
are unstable to infinitesimal perturbations. An impor-
tant difference from the constant viscosity case is that
in the range Ra}. < Ra < Rac the conductive solutions
are stable to infinitesimal perturbations but unstable to
finite-amplitude perturbations. At Ra < Ra},, the con-
ductive solutions are stable to both infinitesimal and
finite-amplitude perturbations (this is called a globally
asymptotically stable equilibrium). If the perturba-
tions are sufficiently large, the system can reach a
large-amplitude, steady-state convective solution. These
solutions are located on the stable subcritical branch.
In physical terms, the solutions in the subcritical region
(Ra}, < Ra < Rag) are metastable. This phenomenon
is common, for example, in phase transitions. In the sub-
critical region, both the conductive state (“phase o””) and
the convective state (“phase [3”) are stable to infinitesi-
mal perturbations and thus, can be observed in laboratory
experiments. However, a sufficiently large perturbation
can trigger a transition from an initially conductive state
to a convective state (o« — [3 transition) or from an
initially convective state to a conductive state (f — «
transition).

The bifurcation point (Ra = Ra},, Nu = Nu},) is
called a saddle-node bifurcation. It produces the sta-
ble subcritical branch and an unstable large-amplitude
branch which connects the two bifurcation points
(Fig. 1(b)). Note that with the increase of the Rayleigh
number, the large-amplitude stable branch will bifurcate
and produce branches which will too eventually bifur-
cate. The solutions will become periodic, quasiperiodic,
and eventually, chaotic.

The bifurcation diagram for power-law viscosity
(with or without temperature-dependence, Fig. 1(c)) dif-
fers from Newtonian temperature-dependent viscosity
in that Ra,r = oo (Lyubimova, 1974; Birger, 1993) and
thus, all finite-amplitude solutions are essentially sub-
critical.

The bifurcation point (Ra = Ra},, Nu = Nu},) will
be called here simply the critical point. The large-
amplitude convection solution corresponding to this
point will be called the critical solution.

4. The critical point

To obtain criteria for the onset of convection by finite-
amplitude perturbations, we start with the critical point,
Ra = Ra},. A theoretical expression for the absolute

minimum critical Rayleigh number, Ra,, was suggested

1.7 T T

2 25 3 3.5
Ra

Fig. 2. Numerically determined Nusselt number as a function of the
Rayleigh number in the vicinity of the critical point forn = 3, exp(6) =
10'% and @ = 0.61 (small solid circles). The parabolic fit (based on the
lowest four points, solid line) gives an accurate location of the critical
point (large solid circle).

by Solomatov (1995):
. 0 2m+1)/n 9
Racr’th = Racr’n m exp —; s (7)
1/n

where Rac, = Ra Ragr’;ol)/ ", Rae, = 1568, and
Racr 0 = 20.

Solomatov and Barr (2006) determined Ra}, numeri-
cally by starting with a steady-state convection solution
and reducing the Rayleigh number in small steps until
they reach the critical Rayleigh number at which con-
vection collapses. Finding the aspect ratio at which the
critical Rayleigh number is minimum gives both Ra},
and the corresponding aspect ratio a. (Solomatov and
Barr, 2006).

Solomatov and Barr’s (2006) results are accurate only
to two significant digits. To improve the accuracy of Ray,,
we performed additional calculations and estimated Ra,
using parabolic functions in the vicinity of the critical
point (Fig. 2). The values of the absolute minimum criti-
cal Rayleigh number, Ra,, calculated to three significant
digits for n = 2—4 and exp(d) = 10'%— 10*° (including
errors due to numerical resolution) are given in Table 1.
The results can be summarized in terms of a correction

factor for Eq. (7) (Fig. 3):

cr,1

Ra}, = (n + )0~ Ra . ®)

Note that the slope systematically decreases with 6 for
all n, so the coefficient 0.3 in Eq. (8) is an average value in
the range between exp(9) = 10'9 and 10*. The case n =
1 is noticeably different fromn > 1 and is not accurately
described by the above formula. This might be related
to fundamental differences between n = 1 and n > 1:
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Table 1

Numerical results

n log(An) Rag, az Nug, ATE
1 10 2.94 x 1074 0.41 1.19 0.158
1 12 5.61 x 107° 0.35 1.17 0.130
1 14 9.77 x 1078 0.31 1.16 0.112
1 16 1.58 x 1077 0.28 1.14 0.097
1 18 243 x 1071 0.26 1.13 0.088
1 20 3.57 x 10713 0.24 1.12 0.079
2 10 2.90 x 107! 0.53 1.29 0.189
2 20 1.81 x 1072 0.31 1.16 0.098
2 30 5.50 x 10710 0.22 1.12 0.065
2 40 1.23 x 10714 0.17 1.09 0.048
3 10 2.40 0.61 1.37 0.238
3 20 5.49 x 1073 0.36 1.21 0.114
3 30 6.80 x 107° 0.26 1.14 0.076
3 40 6.42 x 107° 0.20 1.11 0.056
4 10 6.25 0.68 1.43 0.263
4 20 8.62 x 1072 0.41 1.24 0.129
4 30 6.77 x 10~ 0.30 1.17 0.089
4 40 4.15 x 107¢ 0.24 1.13 0.063

for n = 1, the subcritical region exists only because of
the dependence of the viscosity on temperature while
for n > 1, the subcritical region exists even when the
viscosity does not depend on temperature (Appendix A).

The amplitude of the temperature variation at the
critical point is defined as the maximum amplitude of
horizontal temperature variation:

(ST; = max |Tc*r(0, z) — Tc*r(a, 2)|. )

Fig. 4 shows that 5T scales very well with the vertical
temperature contrast across the rheological sublayer, Eq.
(21):

STE = 0.9(n +3)07 . (10

Although the fact that 8T;% scales with = is not sur-
prising, the fact that it varies with n as (n 4 3) rather than,
say, (n + 1) (Solomatov, 1995; Solomatov and Moresi,
2000) and that the coefficient (n + 3) fits bothn = 1 and
n > 1 cases quite well is not obvious from our simple
derivations. These coefficients need to be constrained
better by more sophisticated theories.

Using Eqgs. (2) and (4), Eq. (10) can be written in
dimensional form as follows:

; RT?

5. Perturbation function
For infinite Prandtl number fluids (or, more accu-

rately, low Reynolds number flows), one can only issue a
temperature perturbation but not a velocity perturbation.
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Fig. 3. (a) Ratio of the calculated absolute minimum critical Rayleigh

number, Ra},, to the theoretical value, Ra;‘r m» for n =1 (pluses), 2

(circles), 3 (squares) and 4 (triangles). The solid lines are the fitting
curves: Ral,/Ral, , = ad~" with (a, b) = (1.7, 0.39), (2.9, 0.30), (4.0,

crt

0.30), (5.0, 0.31) for n =1, 2, 3 and 4, respectively. (b) The ratio
Ra, /Ra}, , normalized by (n + 1)6~°3.

This is due to the fact that the system does not have any
inertia (the acceleration term is absent in mantle dynam-
ics equations). The velocity field is established due to the
balance between driving and resisting forces and thus, is
uniquely determined by the temperature field.

Even though we only need to specify a temperature
perturbation, the onset of convection by finite-amplitude
temperature perturbations is a complex nonlinear prob-
lem. The approach that we believe is the most useful here
is to try to identify the optimal perturbations which are
the smallest disturbances of an initially conductive tem-
perature distribution that would trigger convection for a
given Rayleigh number.

To get some physical insight into how the optimal per-
turbations might look, we will take advantage of the basic
structure of convection at large viscosity contrasts, i.e.,
in the stagnant lid regime of temperature-dependent vis-
cosity convection. In this regime, convection is confined
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to the rheological sublayer at the bottom. This suggests
that the perturbations located outside of the rheologi-
cal sublayer, i.e., in the stagnant lid, cannot be very
effective at driving the convective motion. Unless the
perturbation amplitude is so large (perhaps, on the order
of the temperature contrast across the layer) that it would
mobilize the lid, a perturbation localized within the lid
is a “waste”—it is applied to a region which has a very
high viscosity and thus, cannot convect. To be effec-
tive, the perturbation has to be located in the rheological
sublayer.

An additional insight into this problem comes from
the bifurcation diagram (Fig. 1). For a simple one-
dimensional dynamic system whose motion is described
by only one parameter, the steady-state solutions located
on the unstable branch are, in fact, the perturbations
which need to be issued to the system to destabilize it and
move it to the large-amplitude stable branch. Although
our system is more complicated, the most effective per-

TTT | T T T T T TTT |
03 n=4 (a) —
n=3
02— n=2 —
n=1
[~ Y o —
0.06 — ]
0.03— —
111 | 1 1 1 L1 111 |
10 100
0
2 LI T I T L I
L ) -
—I—‘ - -
-4
o - -
£
= 1——-—————— l»-r-t-o-*.———t—l-————
s L 4
=5 | |
w
0 111 | 1 1 11 1 111 |
10 100
4]

Fig. 4. (a) Dependence of the amplitude of the horizontal temperature
variation, 87¢;, at the critical point on 6 for n = 1 (pluses), 2 (circles),
3 (squares) and 4 (triangles). The slope of the fitting curves is —1
within 1-2% for all n. (b) The amplitude of the horizontal temperature
difference, 87, normalized by 0.9(n + 301,

cr>

turbations should, to some extent, resemble the actual
steady-state convective solutions located on the unstable
branch of the bifurcation diagram (Fig. 1(c)).

Although we cannot calculate the unstable steady-
state solutions using fully time-dependent convection
equations, the temperature field of the near-critical
steady-state solution that we reached on the stable sub-
critical branch is a reasonable approximation for the
temperature field of the unstable steady-state solutions,
at least near the critical point. The structure of the
convective solution at Ra ~ Ra}, is characterized by
roughly equidimensional convective cells located inside
the rheological sublayer. We assume that this structure is
preserved along the subcritical branch at Ra > Ra, and
that the thickness of the rheological sublayer remains
roughly constant. This is certainly the case for n = 1
where the solutions on both ends of the unstable sub-
critical branch are known exactly (Solomatov and Barr,
2006) and is likely to be the case for n > 1 as well.
This can, in principle, be tested by solving convection
equations with 97/t artificially set to zero.

Using these ideas, an optimal perturbation can be con-
structed as follows. In the absence of any convective
motion the temperature field is described by a conductive
temperature profile:

Teond = Y. (12)

In the presence of convection the temperature 7'(x, y)
of the system deviates from the conductive profile by
8T (x, y):

T(x,y) = Tcond + 8T (x, ). (13)

To construct the optimal perturbation, we use the devi-
ation of the temperature field 73;(x, y) of the steady-state
solution near the critical point, Ra = Ra., from Tcong
and reduce its amplitude by some small coefficient§ < 1:

8Te(x, y) = &[T (x, ¥) — Teondl- (14)

The total temperature field corresponding to this per-
turbation is

Te(x, y) = Teond + 8T¢(x, y). 15)

When & = 0, the initial temperature field is purely
conductive. When £ = 1, the initial temperature field is
identical to the solution at the critical point (Ra = Ray,,
a = a},). For a given perturbation amplitude, £ < 1, one
can find the critical Rayleigh number, Ras at which the
system becomes unstable. An example of such calcula-
tions is shown in Fig. 5.

Although the perturbations based on the critical solu-
tion are very efficient, it is interesting to explore other

perturbations as well. Below we conduct a simple test
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Ra=20.2

Bottom velocity

0 0.02 0.04 0.06 0.08
Time
Ra=20.1
t=0.027 t=0.061 t=0.08
u=1.3 u=0.07 u=0.004

Ra=20.2
t=0.027 t=0.035 t=0.051
u=2.6 u=180 u=3600

Fig. 5. The top graph shows the r.m.s. bottom velocity as a function
of time for n = 3, exp(d) = 10'°, a = 0.61 and Ra = 20.1 (decaying
perturbation, solid line) and 20.2 (growing perturbation, dashed line).
The initial perturbation is constructed using the temperature field at
the critical point and reducing its magnitude by a factor of £ = 0.08.
The snapshots of the stream function at different times are shown for
Ra = 20.1 (middle set) and 20.2 (bottom set). The time and the r.m.s
bottom velocity are indicated on each figure.

B

in which we compare the critical Rayleigh numbers
for different initial perturbations for the case n = 3,
exp(¥) = 10%° and a = 0.36.

The first type of temperature perturbation is con-
structed as described above—by taking the near-critical
stable solution and reducing the temperature anomaly
of the near-critical convective solution by a factor of
& = 0.1 (Eq. (14)). The temperature field of this pertur-
bation is shown in Fig. 6 (a).

The perturbation (14) is characterized by both hori-
zontal and vertical temperature variations (Fig. 6(a)). In
most gravity-driven instabilities, the horizontal density
variations are the ones which are most important. There-
fore, we can try a perturbation similar to Eq. (14) but
with a zero horizontal average ( foa 8T (x, y)dx = 0):

8T e(x, y) = 8Te(x, y) — /0 8Tx(x, y)dx. (16)

A perturbation constructed in this manner is shown
in Fig. 6(b).

A different set of perturbations can be constructed
using a sinusoidal function:

7(y — )

a Ou — )

8Tun(x, y) = 8Tp sin (E) sin [ } . an

which is confined within a sublayer y; < y < y,. The
perturbation is zero outside of this sublayer. The ampli-
tude 87 is adjusted so that it matches the amplitude of
the perturbations (14) and (16).

In one case, a sinusoidal perturbation, Eq. (17), is
issued to the rheological sublayer (Fig. 6(c)). The shape
of this perturbation is somewhat similar to the shape of
the perturbation based on the critical solution with zero
horizontally average temperature (Fig. 6(b)). In the other
case, the sinusoidal perturbation is the same as in the
previous case except that it is shifted to the middle of the
layer (the lower portion of the stagnant lid, Fig. 6(d)).

Calculations using these four initial temperature per-
turbations (Fig. 6) show that the shape of the perturbation
is not very important provided the perturbation is located
within the rheological sublayer: the values of the critical
Rayleigh number for the first three cases (Fig. 6(a)—(c))
are similar within 20%. The perturbations in Fig. 6(b)
and (c) are substantially smaller (e.g., in terms of the
total energy associated with a perturbation) and thus, are
more optimal than the perturbation in (Fig. 6(a)).

The perturbation located in the stagnant part of the
layer (Fig. 6(d)) is very ineffective in driving fluid
motion. This suggests that starting convection from tem-
perature fluctuations located in the stagnant lid may
require Rayleigh numbers orders of magnitude larger
than a similar-amplitude perturbation located in the
rheological sublayer. Also, the onset of convection is
substantially delayed in this case. The onset of convec-
tion by an arbitrary perturbation will depend on whether
or not the initial perturbation will eventually reach a
sufficiently large amplitude in the rheological sublayer.
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Fig. 6. Four finite amplitude temperature perturbations 8T (x, y) used to initiate convection for n = 3, exp(6) = 10?° and a = 0.36. The temperature
scale (vertical axis) is the same for all plots. (a) The perturbation is constructed using the temperature variation of a near-critical solution for
Ra = 5.5 x 1073 and reducing its amplitude by a factor of & = 0.1, (b) Same as (a) but the horizontally averaged temperature is removed from
the perturbation so that j: 8T (x, y)dx = 0. (c) A simple sinusoidal perturbation is introduced at the bottom of the layer (the rheological sublayer),
whose peak-to-peak amplitude is approximately the same as for (b). (d) The sinusoidal perturbation is shifted to the middle of the layer. The values
of the critical Rayleigh number for the onset of convection are similar in the first three cases (0.054, 0.062 and 0.064, respectively), but in the last

case it is one order of magnitude larger (~ 0.61).

6. Critical Rayleigh number for the onset of
convection

Numerical simulations show that when the perturba-
tion of amplitude §7 is issued to the rheological sublayer,
the perturbation grows or decays almost immediately.
This means that the apparent viscosity of the rheological
sublayer can be calculated using the characteristic stress
associated with the initial perturbation:

71 ~ apgdTdsyp, (18)

where dgyp, is the thickness of the rheological sublayer.

Following Stengel et al. (1982) and Solomatov
(1995), we determine the Rayleigh number of the rhe-
ological sublayer at the mean temperature, 7 =1 —
dsub/2d, of the sublayer and at the characteristic stress
T = 171, Eq. (18):

1/n

apg(dT/dy)dg,, (19

kbt expl—0(1 — dsub/2d)]

Ragyy =

where dT/dy = AT/d is the temperature gradient in the
layer. Although it is not important here, we used the
power 1/n to ensure that this Rayleigh number is reduced
to the usual Rayleigh number for power-law viscosity
(e.g., Solomatov, 1995) when 77 = apg(dT/dy)d2,.

The rheological sublayer is the most unstable part of
the layer. Its thickness is determined from the require-
ment that dRagyp/ddsup = 0:

deb = 2(n +3)071d. (20)

The temperature difference A Ty, across the rheolog-
ical sublayer is

ATgp = 2(n +3)07 AT, 1)

Eq. (20) gives us the thickness of the sublayer with the
largest Rayleigh number (the most unstable sublayer).
Substituting the value of (20) back into Eq. (19) gives us
the Rayleigh number for the sublayer. The onset of con-
vection can be determined by requiring that this sublayer
is at the boundary of convective stability:

Ragy, = Racr,O , (22)



10 V.S. Solomatov, A.C. Barr / Physics of the Earth and Planetary Interiors 165 (2007) 1-13

where Ragr o is a constant (presumably of the order of
the critical Rayleigh number Rac , which appears in Eq.
(N).

We obtain that the critical Rayleigh number for the
entire layer is

b :|(n+3)/n o AT (n—1)/n
e " [} .

Ras = Raero | — 0
“ “Cr’o[z(n+3) 5T

(23)

To simplify this equation, we can normalize it using

Ra = Ra}., Eq. (7), and 6T = 8T}, Eq. (10), at the crit-
ical point:
R §T* (n—1)/n

% x ( Cf) . (24)
Ra, 8T

In this equation, we omitted the poorly constrained
dependence of the pre-factor on n and did not include the
correction factor, Eq. (8) (which would probably affect
both Egs. (23) and (8)).

The coefficient in Eq. (24) is constrained numerically.
For fixed values of n and 6 we ran a series of calculations
to determine the critical Rayleigh number Ras for the
onset of convection as a function of &, using perturbation
function (15), which is constructed using the tempera-
ture field of the near-critical solution at Ra = Ra}, (the
last stable solution before convection collapses). Alter-
natively, one could use the perturbation function (14) or
(16). However, as we discussed earlier, the difference
among all these perturbations is small (Fig. 6).

The results are summarized in Fig. 7. For small ampli-
tudes (87 < 8T7), Eq. (24) compresses the numerical
data reasonably well (Fig. 7):

Ras (8T (n=1)/n 25)
Rat, 8T ’

where the pre-factor 3 fits the curves with the lowest
values of exp(#) = 10'% and 10?° (which are more typ-
ical for planetary materials) and 2.5 is the mean value
(2.5 £ 1 includes all curves).

Note that Eq. (24) is applicable for small-amplitude
perturbations and is not accurate near the critical point
(Fig. 7). For n = 1, the onset of convection depends on
the initial perturbations only in a very narrow range,
Ra}, < Ra < Rac (essentially, Ra}, ~ Ra) and is not
described by the above formula.

7. Dependence of the critical Rayleigh number
on the perturbation wavelength

The wavelength A = 2a, of the optimal perturbations
is about twice the thickness of the rheological sublayer

0.1

cr

ST/6T

0.01

0.001

growth

decay N

001 = 1

] 1
1 10 100

Ra/Raj,

Fig. 7. (a) Summary of numerical constraints on the boundary sepa-
rating decaying and growing initial perturbations: n = 2 (solid line),
3 (dashed line) and 4 (dotted line). For each n, calculations were per-
formed for exp(9) = 10'°,10%°, 100 and 10*° (the boundaries migrate
upward with #). The Rayleigh number is normalized by the absolute
minimum critical Rayleigh number Ra.. The temperature perturba-
tion is normalized by the temperature perturbation corresponding to
the critical solution at Ra = Ray; so that 8T/8T = &. A case with
n =1 and exp(f) = 100 is shown for comparison (thick solid line).
In the latter case, at Ra > Racr &~ 2Ra,, convection can be initiated by
infinitesimal perturbations. (b) The data for n = 2, 3 and 4 are shown
in axes Ra/RaZ. and (8T/8T)"~D/",

which is only 15 km or so (Solomatov and Moresi, 2000).
The wavelength of the initial perturbations can be quite
large reaching, perhaps, the size of the planet. Thus, it
would be interesting to estimate how the onset of convec-
tion depends on the perturbation wavelength. While we
cannot reach the wavelengths of the size of the planet
and we do not have a theory which would describe
the dependence of the critical Rayleigh number on the
wavelength it is still possible to get some constraints
on how the critical Rayleigh number varies with the
wavelength.
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Fig. 8. Dependence of the critical Rayleigh number for the onset of
convection on the wavelength of the sinusoidal perturbation located in
the rheological sublayer for 5 cases: n = 2, exp(f) = 1010 (@),n =2,
exp(®) = 10%° (O), n = 3, exp(8) = 10'° (A), n = 3, exp(d) = 102
(), and n = 4, exp(d) = 10% (). The Rayleigh number and the
wavelength are normalized by their values at the critical point, Ra}; and
A% = 2a}, respectively. The solid line is a linear function Ra/Ra}, =
0.51/1%.. In one case, n = 2, exp(f) = 10'°, the calculations extend
to small values of A/A%, and show that the minimum of Ra/Ra}, is
located close to A/A% = 1 and Ra/Ra} = 1. In all cases, the ampli-
tude of the sinusoidal perturbation is 0.1 times the amplitude of the
critical solution.

The simplest way to construct large wavelength per-
turbations is to use sinusoidal perturbations (Eq. (17) and
Fig. 6(c)), confined to the rheological sublayer. Results
for aspect ratios up to a = 6aj; (A = 12a}, ~ 200km)
are shown in Fig. 8. They suggest that for small
amplitudes and large wavelengths:

-1

Ras 1 5( 2 (e o A > AF

Ra}, T 5T ’ o
(26)

where

A =2ak, (27

is the optimal wavelength.

This relationship is accurate within a factor of 2
and cannot be applied to very large A/A}, because the
dependence of Ras/Raf,. on A/A% is likely to be nonlin-
ear.

We also estimated the minimum of the function
Ras()) for one case (Fig. 8). As expected, the minimum
is reached near A /A}, ~ 1.

The scaling laws (25) and (26) can be inverted so that
one can estimate how large a perturbation needs to be
issued to a layer with a particular Rayleigh number, Ra,
to initiate convection. From Eq. (26) we find that the

critical (dimensional) temperature perturbation is

RT? [ Ra*. A \"/~D
8Ter ~ 10—L [ —£ — . (28)
E Ra A%

8. Discussion and conclusion

Unlike constant viscosity fluids where there is a sin-
gle critical Rayleigh number for the onset of convection,
whether convection occurs in fluids with variable vis-
cosity can depend on the perturbation amplitude. In
power-law viscosity fluids, initiation of convection is
always a finite-amplitude instability. Solomatov and Barr
(2006) estimated the absolute minimum critical Rayleigh
number, Ra},., below which all perturbations eventually
decay and the corresponding value of the aspect ratio,
a’.. Here we addressed the question: How large does a
finite-amplitude perturbation have to be to initiate con-
vection in power-law viscosity fluids? The results of our
study can be summarized as follows:

1. Temperature perturbations that are most effective at
driving convective motion (optimal perturbations) are
located inside the rheological sublayer—in the por-
tion of the fluid layer where the viscosity is smallest.
It is possible to start convection in a fluid layer by
imposing a perturbation outside of the rheological
sublayer, that is in the stagnant part of the layer. Such
a situation may occur in planetary mantles whose sur-
faces are being warmed by impacts (e.g., Reese et
al., 2002). However, in this case, the onset of con-
vection may be substantially delayed and convection
will start only if a temperature anomaly of sufficiently
large amplitude will be developed inside the rheo-
logical sublayer due to diffusion of the perturbation
from the stagnant region into the rheological sublayer.
The wavelength of the optimal perturbations is about
twice the rheological sublayer thickness.

2. When the amplitude of the optimal perturbations
(inside the rheological boundary layer and with the
wavelength which is about twice the rheological sub-
layer thickness) is equal to or greater than 5T, Eq.
(11), then the Rayleigh number required to initi-
ate convection does not depend on the amplitude
of the perturbation and is equal to Ra}. (Egs. (7)
and (8)). For silicates at near-solidus temperatures,
8T% ~300K (e.g., for T = 1700 K and “wet” olivine
rtheology n = 3 and E = 430kJ mol~!, Karato and
Wu, 1993).

3. Egs. (25) and (26) give an estimate of the Rayleigh
number necessary to initiate convection by finite-
amplitude perturbations in the rheological sublayer.
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Alternatively, one can estimate the critical pertur-
bation necessary to initiate convection in a layer
characterized by a particular Rayleigh number. For
example, Eq. (28) suggests that if the Rayleigh num-
ber of the layer is Ra ~ 100Ra}, and the perturbation
wavelength is A &~ 10A%. &~ 300 km the amplitude of
horizontal temperature variations in the rheological
sublayer has to be at least §7¢; =~ 20 K to trigger con-
vection.

Although we believe that this study has shed some
light upon the finite-amplitude onset of convection for
power-law viscosity fluids, the problem is far from being
well understood and needs to be investigated in the future
both numerically and theoretically.
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Appendix A. Power-law viscosity without
temperature dependence

Here we show that onset of convection in power-law
fluids requires a substantial finite amplitude perturbation
even when the viscosity does not depend on temperature.
This is in stark contrast with Newtonian fluids where the
finite-amplitude onset of convection below the critical
Rayleigh number predicted by linear theory is only due to
temperature-dependent viscosity. Also, the calculations
presented below can be compared with various labora-
tory experiments and previous numerical calculations,
thus providing an additional test for our approach. To
compare our results with previous studies, we consider
a square box (a = 1) with rigid upper and lower bound-
aries. The results of calculations of the critical Rayleigh
number for n = 1.1, 1.3, 2 and 3 are shown in Fig. A.1.

Our estimates of the critical Rayleigh number are
higher than the estimates obtained in previous work. This
can be due to various reasons. For example, in the numer-
ical calculations by Ozoe and Churchill (1972) whose
approach is similar to ours, the Prandtl number is ~ 10
while in our calculation it is infinite. Also, Ozoe and
Churchill (1972) found the critical Rayleigh number by
extrapolating Nu(Ra) to Nu = 1 rather than Nu = Nu};
(Fig. A.2). Other factors such as the difference in reso-
lution may also play a role.

T ! ! T

1000

T T TTTT]

=

g
<

<4

100

0 0.2 0.4 0.6 0.8 1
n—l

Fig. A.1. Absolute minimum critical Rayleigh number for fluids with
a solely stress-dependent viscosity, as a function of the power-law
exponent n~L. Solid circles connected by a solid line (n = 1.1, 1.3,
2 and 3) are our results. Pluses correspond to the experimental data
by Tien et al. (1969). The numerical results by Ozoe and Churchill
(1972) are shown with a dotted line. The numerical results by Tien et
al. (1969) are shown with a solid line (for two-dimensional rolls) and
a dashed line (for hexagonal cells).
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Fig. A.2. The Nusselt number as a function of the Rayleigh number
near the critical point (small solid circles) for n =2 and 6 = 0 (no
temperature dependence). The parabolic fit is shown with a solid line.
The critical point is shown with a large solid circle.
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