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ABSTRACT

The Eos asteroid family is the third most populous, after Themis and Koronis, and one of
the largest non-random groups of asteroids in the main belt. It has been known and studied for
decades, but its structure and history still presented difficulties to understand. We first revise the
Eos family identification as a statistical cluster in the space of proper elements. Using the most
to-date catalogue of proper elements we determine a nominal Eos family, defined by us using the
hierarchical-clustering method with the cut-off velocity of 55 m/s, contains some 4400 members.
This unforeseen increase in known Eos asteroids allows us to perform a much more detailed study
than was possible so far. We show, in particular, that most of the previously thought peculiar
features are explained within the following model: (i) collisional disruption of the parent body
leads to formation of a compact family in the proper element space (with characteristic escape
velocities of the observed asteroids of tens of metres per second, compatible with hydrocode
simulations), and (ii) as time goes, the family dynamically evolves due to a combination of the
thermal effects and planetary perturbations. This model allows us to explain sharp termination of
the family at the 7/3 mean motion resonance with Jupiter, uneven distribution of family members
about the 9/4 mean motion resonance with Jupiter, semimajor axis distribution of large vs. small
members in the family and anomalous residence of Eos members inside the high-order secular
resonance z1. Our dynamical method also allows us to estimate Eos family age to 1.3+0.15

−0.2 Gy.
Several formal members of the Eos family are in conflict with our model and these are suspected
interlopers. We use spectroscopic observations, whose results are also reported here, and results
of 5-color wide-band Sloan Digital Sky Survey photometry to prove some of them are indeed
spectrally incompatible with the family.

Subject headings: asteroids, asteroid families, Yarkovsky effect
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1. Introduction and history in brief

Analysis of asteroid families has been a flour-
ishing subject over past years mainly because of
a discovery of previously unknown, very compact
clusters of small asteroids (e.g. Nesvorný et al.,
2002b, 2003; Nesvorný and Bottke, 2004). This
possibility has been allowed by an unprecedented
increase of known asteroids over the past decade
which is mainly due to automated search programs
for objects residing on planet crossing orbits (e.g.
Stokes et al., 2002). The break-through achieve-
ment was an accurate determination of ages of
these new young families via direct orbital inte-
gration. This has opened a wide range of im-
plications in planetary science, such as a study
of binary pairs and rotation properties among
ejecta from collisional disruptions (REF???), fresh
surfaces unaltered by space weathering processes
(Jedicke et al., 2004; Nesvorný et al., 2005a) or ori-
gin of the IRAS/COBE dust bands (e.g. Nesvorný
et al., 2002b, 2003, 2005b).

Here, however, we focus our analysis on the
Eos family, one of the largest and long-studied
structures in the main asteroid belt; the classical
early references are Hirayama (1918) and Brouwer
(1951), with more work done from the 1970s on
(see the overview by Bendjoya and Zappalà, 2002).
The seminal work of Brouwer (1951) is of inter-
est for us, because it was first shown here that in
spite of its high compactness, thus undisputable
evidence, the Eos family presents some puzzling
features that cannot be easily reconciled with a
standard model. Brouwer noticed a tight width
of the Eos family in semimajor axis (see Table IV
in his paper), anomalously small as compared to
its extension in proper eccentricity and proper in-
clination. Rightly defending the collisional model
for the origin of the asteroid families, Brouwer got
puzzled by a distorted velocity field corresponding
to the observed distribution of the family in the
proper element space.2 To circumvent the prob-

1Visiting Astronomer, Kitt Peak National Observatory,
National Optical Astronomy Observatory, which is oper-
ated by the Association of Universities for Research in As-
tronomy, Inc. (AURA) under cooperative agreement with
the National Science Foundation.

2For a historical curiosity, we mention that Brouwer (1951)
was actually opposing to skepticism of Brown (1932) who
believed that analysis of the origin of asteroid families is
condemned to failure for effects of many unknown pertur-

lem he assumed inadequacies of the linear secular
theory more likely affect eccentricity and inclina-
tion with errors, but he seemed to feel uncomfort-
able with this explanation.

A second issue raised by Brouwer (1951) were
speculations about the age of this family that
lasted for several decades. This is also very in-
teresting for us, because the family age deter-
mines the timescale of its possible dynamical evo-
lution. Chronology of asteroid families as accu-
rate as possible is also a vital clue for understand-
ing collisional evolution of the main asteroid belt
(e.g. Bottke et al., 2005a,b). Brouwer noticed
that within the simplest, linearized secular theory
the sum of proper longitude of pericenter $p and
proper longitude of node Ωp holds constant be-
cause their related proper frequencies are exactly
opposite. He thus proposed to use ($p +Ωp) as an
additional parameter to test properties of asteroid
families. In particular, any strong clustering in
this parameter should suggest a very young age
of the family (presumably less than ' 1 My), be-
cause more accurate secular theory is expected to
inevitably break this property. Brouwer (1951; see
Table V) suggested the distribution of ($p + Ωp)
for Eos members known to him is strongly non-
uniform, perhaps supporting the hypothesis of this
family’s young age. In spite of Carpino et al.’s
(1986) finding that the ($p + Ωp) time variation
is anomalously slow in this particular zone of the
main asteroid belt, Farinella et al. (1989) criti-
cally reassessed Brouwer’s argument concluding it
might have been fluke due to a small number of
known members. By associating smaller asteroids
with the family, these authors proved ($p +Ωp) is
quite more uniform, while residual non-uniformity
suggesting perhaps only a younger subcluster of
a limited number of members inside the Eos fam-
ily. Arguing on base of the low probability for
the Eos parent body disruption, Farinella et al.
(1989) leaned toward a large age of the family
(supported also by models of rotation period dis-
tribution for the family members; Binzel, 1988),
dismissing thus usefulness of the ($p + Ωp) pa-
rameter for family studies.3 This is also our point
of view; in Sec. 3.3 we check that this parame-

bations, including those of non-gravitational origin (cit.).
3The only exception is the case of very young families;
Nesvorný et al. (2002b, 2003).
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ter obeys a near uniform distribution with devia-
tions compatible with statistical fluctuations and
the expected influence of the secular resonance z1

(compare with Milani and Knežević, 1992, 1994).

The problem of Eos age has been reiterated by
Morbidelli et al. (1995) who studied asteroid fam-
ilies close (or intercepted by) mean motion reso-
nances (MMRs) with Jupiter. This is also the case
of the Eos family, which is bracketed by the 7/3
MMR and intercepted by the 9/4 MMR (Fig. 2),
just to mention the most powerful ones. With an
increased number of members, Morbidelli et al.
discovered more puzzling facts about this unusual
asteroid family. In particular, they suggested the
family seems to terminate at the 7/3 MMR at
small values of semimajor axis and it is cut by the
9/4 MMR into two incompatible parts. Analyzing
the number of family members on both sides of
the resonance they pointed out a significant defi-
ciency of family members with the orbital semi-
major axis larger than ' 3.03 AU (position of the
resonance). That was in odds with any reasonable
initial velocity field of fragments from parent body
break-up. A cascade of secondary fragmentations
inside the original family was a possibility, but no
other family showed indications of such process.
On top of these findings Morbidelli et al. (1995)
noted 5 asteroids associated with the family and
residing inside the 9/4 MMR. By numerically in-
tegrating their orbits, they found instability oc-
curs at a timescale of 100 − 200 My with aster-
oids chaotically sliding along the whole resonance
and ultimately ejected from the Solar system or
hitting terrestrial planets. Morbidelli et al. hesi-
tated to postulate that young age of the Eos fam-
ily, leaning to the multi-break-up model. Never-
theless their work suggested a number of former
Eos members might have escaped from the region
of the Eos family along the 9/4 MMR toward or-
bits with significantly larger (or smaller) values of
eccentricity and inclination. This prediction has
been remarkably confirmed by the spectroscopic
search reported by Zappalà et al. (2000) who ob-
served 7 objects located inside the 9/4 MMR (but
unrelated to the family with a simple clustering
method in orbital element space). In the case of
5 of these asteroids they found spectra compat-
ible with the Eos members, arguing thus these
objects are very likely escaped, former members
of the family and suggesting thus the Eos fam-

ily actively feeds asteroids into the 9/4 resonance.
Obviously, the issue of the family age cannot be
solved with that observation, since we show below
that the Yarkovsky-spreading model provides even
more natural arena for feeding the resonance than
the (multiple-)collision approach.4

Another approach to constrain age of an as-
teroid family is to analyze size-frequency distri-
bution (SFD) and its evolution in time. An at-
tempt to model this process has been performed
by Marzari et al. (1995), who considered SFD evo-
lution of the three most prominent families in the
main belt: Themis, Koronis and Eos. While par-
tially succeeding in the Themis and Koronis cases,
the Eos family appeared unsatisfactorily matched
by both SFD and orbital distribution modeling.
As for the first issue, Marzari et al. (1995) –using
mid 1990s state of art for the outcome of the col-
lision breakup of large asteroids– obtained a mis-
match with the observed family already in the ini-
tial SFD. This never improved, or got worse, let-
ting the time go in their simulation. Reluctant
to accept the very young age for the Eos family,
Marzari et al. (1995) rather admitted a poor mod-
eling in this case. This was even strengthened with
their inability to match the anomalous orbital dis-
tribution in the proper element space (tight distri-
bution in semimajor axis and larger dispersion in
eccentricity and inclination), already pointed out
by Brouwer (1951) and later confirmed by a num-
ber of analyses (e.g. Zappalà et al., 1984). We thus
conclude that no satisfactory evolution model for
Eos’ SFD has been developed so far.

In what follows we show that many, though not
all, puzzling facts about the Eos family are nat-
urally solved in the framework coined by Bottke
et al. (2001, 2002). In their point of view the as-
teroid families are originally more compact clus-
ters in the proper element space than currently
observed. Their initial compactness is assumed
compatible with the numerical simulations of the
asteroid catastrophic disruptions (e.g. Love and
Ahrens, 1996; Ryan and Melosh, 1998; Benz and
Asphaug, 1999; Michel et al., 2001, 2002), which

4Note the estimated sizes of the 5 fugitive asteroids from
the Eos family located inside the 9/4 MMR range from 14
to 30 km. The likelihood, that they have been collisionally
injected to the resonance from the neighborhood regions
from family progenitors within the last 100 − 200 My is
minuscule.
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means the observed fragments with sizes larger
than few kilometres are ejected at relative veloc-
ity smaller than ' 100 m/s. As time proceeds,
the family undergoes evolution by two processes:
(i) collisional, so that asteroids roughly smaller
than ' 10 km might suffer catastrophic disruption
within a few Gy, producing secondary fragments
populating the presently observed family, and (ii)
dynamical, so that all proper elements5 evolve due
to chaotic diffusion in weak MMRs and thermal
(Yarkovsky) forces making the initial cluster ex-
panding in proper element space. The first aging
mechanism has been appreciated and studied for
a long time, but the second got increasing support
only in the late 1990s.

The evidence of an overall chaoticity of the as-
teroid motion due to the effect of weak MMRs
has been provided by series of papers during the
early 1990s (as an example see Milani and Nobili,
1992; Milani and Farinella, 1994; Milani et al.,
1997). Nesvorný and Morbidelli (1998), and Mor-
bidelli and Nesvorný (1999), came with a thor-
ough analysis of a very long-term orbital evolution
of the main belt asteroids and suggested the nu-
merous weak (high-order or multiple) resonances
drive overall instability. This causes virtually all
orbits, especially in the inner and outer parts of
the belt, to evolve in time. In particular, orbital
eccentricity and inclination are changing due to
these resonant perturbations. The bodies may be
thus driven to planet-crossing orbits (Morbidelli
and Nesvorný, 1999) and escape from the main
asteroid belt. A less spectacular effect is a smear-
ing any compact structures in the main belt along
the eccentricity and inclination direction, a pro-
cess important for the asteroid families. For in-
stance, Nesvorný et al. (2002a) have shown that
the chaotic evolution in the inner part of the main
belt (the Flora zone) is so intense that an initially
compact Flora cluster would disperse to its current
extent in 0.5 Gy only.

The second dispersal mechanism of the aster-
oid families is due to thermal (Yarkovsky) forces.
They cause, on a long-term, a steady change in
semimajor axis as a function of size, thermal pa-

5The proper orbital elements have thus a time-local mean-
ing, usually well characterizing orbital parameters over
≤ 10 My (e.g. Knežević and Milani, 2000, 2003). This
timescale is often orders of magnitude less than the esti-
mated age of the asteroid families.

rameters and rotation state (the obliquity and ro-
tation rate, in particular; for a review see Bottke
et al., 2002). Farinella and Vokrouhlický (1999)
suggested asteroid families might undergo non-
negligible evolution due to the Yarkovsky effect,
namely spreading small members over a larger in-
terval of semimajor axes than large members as
time proceeds. Over the few last years, this idea
got a solid support along different lines of evi-
dence.

Bottke et al. (2001) proved the Koronis fam-
ily undergoes a steady dispersion in semimajor
axis by explaining a long-standing problem of the
“Prometheus clan”, a part of the family at its large
semimajor axis end which is, as a whole, lifted by
' 0.025 in proper eccentricity. No reasonable ve-
locity field could have explained this feature (e.g.
Marzari et al., 1995). Yet, it appears natural in the
new scenario, because Bottke et al. (2001) showed
that orbits migrating from the centre of the fam-
ily toward larger semimajor axis values encounter
a high-order secular resonance g + 2g5 − 3g6 (e.g.
Milani and Knežević 1990, 1992, 1994). Interac-
tion with this resonance necessarily leads to the
observed eccentricity increase, and the required
drift rate of the semimajor axis is well compati-
ble with the Yarkovsky effect prediction.

More recently, Nesvorný and Bottke (2004)
studied young (5.8 My old) Karin cluster in detail
and showed that convergence of orbits into a single
original configuration is much improved if semi-
major axis of Karin members has been steadily
changing in time and in a way compatible with the
Yarkovsky effect prediction. This again is practi-
cally a proof of the Yarkovsky-driven dispersion
of the Karin cluster that was detected amazingly
soon after the family formation.

A little less direct, yet convincing, evidence of
the Yarkovsky dispersion of Koronis and Eos fam-
ilies was obtained by Tsiganis et al. (2003). These
authors studied a population of asteroids resid-
ing inside the 7/3 MMR and proved one can con-
sider it a steady-state population, continuously re-
supplied from outside the resonance. The pace
at which this process works is well compatible
with Yarkovsky delivery of asteroids into this res-
onance.

This model also predicts an asteroid popula-
tion residing very closely to MMRs so that their
orbits have a limited lifetime. Indeed, it has been
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known for some time that asteroid (2953) Vysh-
eslavia has a very short dynamical lifetime as com-
pared to the estimated age of Koronis family (e.g.
Milani and Farinella, 1995). Vokrouhlický et al.
(2001) suggested that the Yarkovsky forces are effi-
cient enough to transport Vysheslavia from inside
the Koronis family onto its current unstable orbit
within 0.5 − 1 Gy a comfortably short timescale.
Additional work on Yarkovsky dispersion of the
asteroid families has been done by Carruba et al.
(2003) who suggested a comparatively young age
of the Adeona and Gefion families.

Continuing the above work we bring here ar-
guments that the Eos family must have under-
gone a substantial evolution due to the Yarkovsky
effect in the past. This is because our model
explains several observed features of this family
that are otherwise puzzling or anomalous in con-
text of other models. We start in Sec. 2 with
reviewing fundamental facts about the Eos fam-
ily, such as its structure in the proper element
space, size-frequency distribution or spectral prop-
erties. In Sec. 3 we comment on anomalous fea-
tures of the family and prove these are easily un-
derstood within the Yarkovsky-dispersion model.
This is done using a numerical integration of a
synthetic family and comparing its fundamental
features to the real family. This model also brings
some testable predictions, such as interloper as-
teroids inside the family. We observed spectra of
several of these objects. Their reported spectral
types are either compatible or incompatible with
the Eos family members in a way that confirms
our predictions.

2. Eos family: basic facts

In this section, we bring together fundamen-
tal properties of the Eos family as known today.
First we apply formal clustering method on the
most updated database of asteroids to identify the
Eos family in the orbital element space. This sig-
nificantly boosts number of asteroids associated
with the family as compared to previous searches
(e.g. Bendjoya and Zappalà, 2002), in particular
extending information about the family toward its
small members.6 Second, we collect available spec-

6The last searches of Nesvorný et al. (2005a) and Monthé-
Diniz et al. (2005) used proper element catalogues contain-
ing only about half objects.

tral information about the identified members of
the family (e.g. Cellino et al., 2002 and references
therein).

2.1. Identification in the proper element
space

We apply hierarchical clustering method (HCM;
e.g. Bendjoya and Zappalà, 2002 and references
therein) to identify members of the Eos family as a
tight cloud of asteroids in the space of proper ele-
ments: semimajor axis a, eccentricity e and sine of
inclination sin I. We use analytically determined
proper elements of nearly 170, 000 main belt num-
bered and multi-opposition asteroids from AstDyS

database (http://newton.dm.unipi.it/) as of
November 2004. We tested different values of the
cut-off velocity Vc in between 30 m/s and 85 m/s
which is the principal free parameter in the HCM
method. (In fact only values larger than ' 30 m/s
have a good sense because the intrinsic noise of
analytical proper elements is of this order of mag-
nitude.) At the largest tested values the cluster
starts to accumulate a large portion of the sur-
rounding region in the proper element space. This
is seen in Fig. 1 where we show number of HCM
identified members of the neighboring Eos and
Veritas families as a function of Vc. At the crit-
ical value Vc = 78 m/s, with our catalogue, the
two families coalesce into a single global cluster of
asteroids. This plot also nicely shows intrinsic dif-
ficulty of family identification in case of the large
families like Eos. The compact (and young; e.g.
Nesvorný et al., 2003) Veritas family depends very
weakly on Vc until the moment it collapses with
nearly the whole background field of asteroids, so
that it is defined very distinctly.7 Conversely, in
the Eos case increasing the Vc means to steadily
increase number of associated asteroids. This pro-
cess certainly results in an accumulation of inter-
loper objects from some value of Vc with only a
loosely defined strategy to eliminate them with
the formal clustering method. Trials and tests are
needed at this stage of work.

Figure 2 shows two examples of the Eos fam-
ily identification for Vc = 50 m/s (left) and
55 m/s (right; dots are background main belt
asteroids inside a orbital-element box defined by

7The same concept may be also nicely seen using the stalac-
tite diagram shown in Fig. 4 of Nesvorný et al. (2005a).
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the ranges of the axes). The family identifica-
tion at different values of Vc is made available at
our web-site http://sirrah.troja.mff.cuni.

cz/yarko-site/. The case Vc = 55 m/s appears
to us a good and still conservative compromise
between completeness and overshooting; at larger
Vc values the family basically starts to accumulate
more and more distant asteroids with semimajor
axis larger than ' 3.03 AU, i.e. above the 9/4
MMR with Jupiter. In what follows we thus use
this choice as a nominal definition of the Eos fam-
ily. Figure 3 shows the Eos family projected onto
the plane of proper semimajor axis a and absolute
magnitude H (data are taken consistently from
AstDyS web-site) again for the two Vc values. We
shall discuss outstanding and peculiar features of
the family structure, shown in these two figures,
in Sec. 3.

In fact, any of 2-D projections shown in Fig. 2
misses to show in detail full structure of the fam-
ily in the three-dimensional space of proper or-
bital elements. In Fig. 4 we thus show the Eos
family as a 3-D cluster (bold symbols) embed-
ded in the background population of asteroids
(dots). The chosen view puts emphasis on low-
eccentricity and low-inclination side where one
can notice a stream-like structure radiating out
of the family (on our website http://sirrah.

troja.mff.cuni.cz/yarko-site/ we provide a
computer animation that allows to see the Eos
family from many different directions in the proper
element space). The two planes shown in the
same figure roughly delimit libration zone of the
high-order secular resonance z1 (e.g. Milani and
Knežević 1990, 1992, 1994, and Sec. 3.3). We no-
tice the peculiar structure observed in the family
tightly adheres to this resonance. In Sec. 3.3 we
explain this peculiarity.

We also investigated cumulative distribution
N(< H) of absolute magnitudes H for Eos fam-
ily asteroids. This can be achieved with high re-
liability, since even with low Vc values the fam-
ily contains thousands of members; in particular,
the nominal family with Vc = 55 m/s has about
4400 asteroids. Figure 5 shows this quantity for
the three velocity cut-off values – 50 m/s, 55 m/s
and 60 m/s. We used a power-law approxima-
tion N(< H) ∝ 10γH in the magnitude range
(11.5, 13.5) and obtained γ ' 0.47 ± 0.02 for the
nominal family at Vc = 55 m/s. Our value of γ is

close to some previously reported values (e.g. Fuji-
wara, 1982), but discordant with some others (e.g.
Tanga et al. (1999) who predict a considerably
steeper distribution from their geometric method).
This value of the power index suggests that at
small size the family has undergone collisional evo-
lution that drove it toward the equilibrium state
(e.g. Dohnanyi, 1969; O’Brien and Greenberg,
2003) and it argues for a significant age of this fam-
ily. In particular, Bottke et al. (2005a,b) estimate
a 15 − 20 km size asteroid (roughly the absolute
magnitude 11.5 for the Eos case) has a collisional
lifetime of ' 2 Gy; thus we would tentatively infer
and age of 1−2 Gy from this simple argument. In-
terestingly, our more quantitative work in Sec. 3.2
will confirm this age rather well.

Another interesting result in shown in Fig. 6
where we give the best approximating power-index
γ in the magnitude range (11.5, 13.5) as a function
of the cut-off velocity Vc. Except the anomalous
“step” at Vc = 44 m/s which is caused by a sudden
extension of the family to the region beyond the
9/4 mean motion resonance with Jupiter (see also
Fig. 1), the fitted power-index γ steadily increases.
The limiting value ' 0.52 can be attributed to the
overall main-belt population of asteroids in this
particular heliocentric zone since at larger value
of Vc the family fills basically the whole surround-
ing region. The fact that at any smaller Vc value
the family is shallower is interesting and fits the
finding by Morbidelli et al. (2003) about compar-
ative shallowness of the asteroid families.

2.2. Spectroscopic observations

Information about the physical properties of
the Eos family members derives from spectroscopy
of large asteroids and Sloan Digital Sky Survey
(SDSS) broad-band photometry of small asteroids.
Here we give some basic information about both
sources.

We start with results from spectroscopic sur-
veys. There are, though, at least two reasons of
caution that must be taken into account when try-
ing to compare data from different sources: (i) tax-
onomic systems significantly evolved over the past
two decades, and (ii) major surveys used spec-
troscopy in visible band only. This later point
places an important constraint, because fine dis-
crimination of physical properties (especially for
an object at the outskirt of the broad S-complex)
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requires additional data in the infrared. This has
been actually the case of (221) Eos itself, and
several other largest Eos members, whose visual
spectra resemble S-type objects (apart from finer
details introduced only later on). It was only
when an extended spectrum of (221) Eos, covering
both visual and infrared bands, was first obtained,
within the 52-color survey that Bell et al. (1987)
and Bell (1989) discriminated its spectrum from
an S type and proposed to introduce a new spec-
tral class: K type. As Bell (1989) rightly points
out, the case of Eos presents an apparently con-
tradictory situation when broad-band photometry
originally led to a common wisdom of homogeneity
inside family members but the spectroscopy often
had problems in a tight and clear spectral classi-
fication. However, we do not intend to overview
history of different views on Eos-type spectra and
refer to Veeder et al. (1995) and Doressoundiram
et al. (1998) for reviews.

Migliorini et al. (1995) conclude, from an
unrelated-to-spectroscopy statistical argument,
that a few interlopers are expected at all sizes.
Indeed, a dedicated visual spectroscopic survey
of large Eos members by Doressoundiram et al.
(1998) confirms two interlopers (1910) Mikkailov
and (4455) Ruriko spectrally similar to C-type
asteroids, in a sample of 45 observed family mem-
bers.8 Additionally, this important study con-
firmed an earlier suggestion by Xu et al. (1995) of
a modest spectral heterogeneity of the Eos mem-
bers, ranging from the K types, such as (221) Eos
itself, to T types. Both these classes are situated
at the edge of the S-type complex consistently
along the line toward a flatter long-wave end of
the spectrum, thus more neutral value of the PC2
components, with approximately the same slope
parameter (Bus and Binzel, 2002a,b). As men-
tioned above, this borderline position of the Eos-
members spectral types makes it sometimes a bit
difficult to be unambiguously classified. For in-
stance, out of the 45 asteroids observed by Dores-
soundiram et al. (1998) we can find 6 included in
the SMASSII catalogue (Bus and Binzel, 2002b).
In their taxonomic system, 4 were classified K
type while 2 got S type classification: (633) Ze-

8We note, though, that (1910) Mikkailov associates with the
family only at the HCM cut-off velocity Vc = 60 m/s and
thus is not a member of our nominal Eos family defined at
Vc = 55 m/s.

lima and (1186) Turnera. The spectral differences
reported by Doressoundiram et al. (1998) has
been interpreted by these authors as some kind of
weathering process effective in the family or per-
haps compositional differences in the Eos parent
body. However, up to our knowledge there is no
general consensus about this interpretation as yet.

We also note that SMASSII survey detected 19
asteroids that are associated with the Eos family
at the HCM cut-off velocity Vc = 55 m/s (Bus
and Binzel, 2002a,b; see also updates at http://

smass.mit.edu/). Most of them got K type clas-
sification, with the exception of the two S type
asteroids mentioned above, and two interloper as-
teroids: (1604) Tombaugh and (3214) Makarenko
both classified to be Xc-type asteroids. This again
seems to confirm a low rate of interloper contam-
ination within the Eos family.

Another wealthy and recent source of spectro-
scopic data is the S3OS2 survey by Lazzaro et al.
(2004) (see http://www.daf.on.br/~lazzaro/

S3OS2-Pub/s3os2.htm). In total this survey ob-
served 13 asteroids from our nominal Eos fam-
ily with the following result. Asteroids (1075)
Helina (Xc-type), (1605) Milankovitch (X-type),
(3328) Interposita (Xc-type), and (4100) Sumiko
(B-type) are all spectrally diverse from prevalent
K and T types in the Eos family and contribute to
the interloper population. Asteroids (251) Sophia
(Sl-type) and (4843) Megantic (X-type) are also
recognized as interlopers. Moreover, several aster-
oids were re-classified as D types within the new
Bus taxonomy from former T types of Tholen
taxonomy, confirming difficulties in spectral clas-
sification.

Both datasets, SMASS and S3OS2, have been
compiled together and applied systematically
to the asteroid families by Monthé-Diniz et al.
(2005). For the Eos family, likely identified by
these authors at a slightly larger relative HCM
cutoff, they determined that 55 out of 92 as-
teroids with known spectra belong to the KTD
sequence, thus forming a backbone of the fam-
ily classification. It is, however, worth to recall
that the mineralogical interpretation of these data
remain puzzling (e.g. D types here often have
high albedo value, unlike the well interpreted low-
albedo D type objects in the outer part of the
asteroid belt and among Trojan asteroids). With
Xk types, related in optical band, the KTD’s form
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74% of family asteroids. Alien, or more distant
spectral types (X, C and B) constitute some 26%
of asteroids in the Eos family somewhat more
than previously expected (Migliorini et al., 1995).
Their fraction increases with larger velocity cut-
off values, suggesting the family is embedded in
a spectrally alien zone. In spite of not well un-
derstood compositional implications of the KTD
spectral sequence inside Eos family, the primi-
tive types may give a partial chance to recognize
interloper objects.

As far as broad-band photometry is concerned,
we skip the older observations in the Johnson UBV
system (e.g. Zellner et al., 1985), and we note a
more recent work of Ivezić et al. (2001, 2002) who
analyzed homogeneity of asteroid families using
the broad-band 5-color data of SDSS (see http://
www.astro.princeton.edu/~ivezic/sdssmoc/

sdssmoc.html). Interestingly, in the case of Eos
they conclude a slight scatter of spectral inde-
ces which makes the family not very compact in
space of the SDSS spectral parameters (though
these authors do not analyse the Eos family in
detail). Since the SDSS data are available mostly
for small asteroids (H ≥ 12, say), the result of
Ivezić et al. might indicate spectral heterogeneity
in the Eosfamily, concluded by Doressoundiram
et al. (1998) and followers, continues at small
sizes too. A more thorough analysis of a release
2.0 SDSS data has been given by Nesvorný et al.
(2005a), whose primary focus was to study the
space weathering effects using asteroid families
data. For Eos, these authors were able to iden-
tify SDSS colors for 457 members, though their
identification used somewhat larger velocity cut-
off than our nominal family (thus likely containing
more interloper asteroids). Their average princi-
pal component values found for Eos members were
PC1 = 0.466 ± 0.095 and PC2 = −0.104 ± 0.083
(standard deviations), placing this family rightly
at the outskirt of the S-complex. That borderline
position complicates interpretations, but extreme
locations of some objects may help identification
of the interlopers within the family (see Sec. 3.4).

Additional possible interlopers inside the fam-
ily, suggested by the infrared broad-band photom-
etry reported by Veeder et al. (1995), are (562) Sa-
loma and (1723) Klemola, whose J-H color index
is significantly offset from other observed members
of the family. Some authors, e.g. Bell (1989), sus-

pect the third largest asteroid associated with Eos
family, (639) Latona, might be an interloper based
on S-like behavior of in the infrared band.

In Sec. 3.4 we report additional spectral obser-
vations of the Eos members we made over past few
years. Most of them were motivated to confirm our
model of expanding family to verify guessed inter-
loper asteroids or to confirm possible members at
the outskirt regions of the family. We also analyze
the most updated SDSS data, release 3.0.

3. Eos family: Yarkovsky traces

Hereafter we analyze several outstanding fea-
tures of the Eos family and we show they make
a good sense only in the dynamical model, where
the family has been formed more compact in the
proper element space about a Gy ago and since
then it underwent a significant dispersion by the
two processes discussed in Sec. 1. To that end we
first perform a numerical simulation to see how
an initially compact cluster near the centre of the
Eos family extends in the proper element space in
course of time. The initial data we use are cer-
tainly simplified since they do not follow from any
sophisticated simulation of a collisional disruption
of an asteroid (such as hydrocode modeling). How-
ever, we argue this is not really a fundamental
issue as long as they are compatible with reality
in the most important parameter for us: the low
mean velocity with which sizable fragments are
dispersed (e.g. Love and Ahrens, 1996; Ryan and
Melosh, 1998). The main point of our simulation
is to see the effects of dispersal mechanisms on
the family structure. These effects are actually so
overwhelming the current structure of the family
that no attempt to deterministically reconstruct
the initial family configuration in the proper ele-
ments space is possible.

Thus to set the initial orbital elements of the
synthetic family asteroids we use the procedure de-
scribed in the Appendix of Carruba et al. (2003).
In the Eos case, the estimated mass ratio of the
largest fragment and the parent body is ' 0.1
(e.g. Tanga et al., 1999; Campo Bagatin and
Petit, 2001). Using this value we obtain a par-
ent body of DPB ' 240 km size. A specific en-
ergy Q?

D to collisionally disrupt this object is esti-
mated using results of Benz and Asphaug (1999):
Q?

D ' 0.1 ρD1.36
PB where we set ρ ' 2.5 g/cm3 for
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bulk density. Only a small part of this energy is
transformed into kinetic energy of dispersed frag-
ments, such that their mean quadratic velocity vej

is v2
ej = 2 fKE Q?

D (e.g. Davis et al., 1989, Pe-
tit and Farinella, 1993). The fundamental anelas-
ticity parameter fKE ' 0.02 is intentionally cho-
sen small, such that vej becomes tens of m/s only.
Following the work of Petit and Farinella (1993)
we also correct for self-gravity of the parent body,
so that the escaping fragments must have a posi-
tive value of binding energy. We also assume vej

have Maxwellian distribution and, for simplicity,
no mass/size dependence of vej is taken into ac-
count (certainly valid only in some limited size
range). The initial velocity field is isotropic in
space (below we shall argue that this is probably
the most unrealistic assumption, as regards the
properties of the true initial data of this family).
Finally, we transform the initial velocity field into
orbital element dispersion using Gauss equations
and the parent body true anomaly f and argument
of pericenter ω such that: f = 90◦ and ω+f = 45◦

(see e.g. Morbidelli et al., 1995).

We use a Swift-Rmvs3 integrator (e.g. Lev-
ison and Duncan, 1994) modified to account for
the Yarkovsky forces (see http://sirrah.troja.
mff.cuni.cz/yarko-site/ for details of its im-
plementation, speed and accuracy tests). We also
complemented the original version of the integra-
tor with computation of synthetic proper elements
in a way compatible with a definition of Knežević
and Milani (2000, 2003). This means that we first
apply a Fourier filter to the (non-singular) orbital
elements in a moving window of ' 0.7 My (with
steps of 0.1 My) to eliminate all periods smaller
than some threshold (1.5 ky in our case; we use a
standard sequence of Kaiser windows as in Quinn
et al., 1991, a procedure equivalent to what is used
by Knežević and Milani, 2000). The filtered signal,
mean orbital elements, is output from the simula-
tion for further checks and passed through a fre-
quency analysis code adapted from Šidlichovský
and Nesvorný (1997) to obtain (planetary) forced
and free terms in Fourier representation of the or-
bital elements. The isolated free terms are what
we use as the proper orbital elements.

Giant planets are included in our simulation
with their masses, initial positions and veloci-
ties taken from the JPL DE405 ephemeris. The
effect of the terrestrial planets accounted for as

a barycentric correction of the initial conditions
only, which is fairly justified in this zone of the as-
teroid belt. A timestep of 20 days is used. For sake
of our test, we use 210 test particles (asteroids)
with their initial orbits generated by the above
described scheme. Their sizes range from 2 km to
60 km; smaller bodies dominate in our integrated
sample such that we have 10 bodies of 60 km size in
our sample and there are ∝ 1/D bodies in different
size bins.9 Distribution of their rotation rate is
set Maxwellian with a peak value corresponding to
a period of 8 hr (though we prevent shorter/longer
periods than 4/12 hr; e.g. Binzel, 1988) and orien-
tation of spin axis is uniform in space. Since our
numerical simulation is an illustration of princi-
ples, we allow ourselves to keep rotation parame-
ters for each of the asteroids (rotation period and
spin axis orientation) constant. This is a gross
simplification, since on a Gy timescale thermal
and gravitational torques produce large variations
of both rotation parameters (see e.g. Sec. 3.2).
But here we waive complexity for simplicity. Obvi-
ously, conclusions from our results should then be
treated with caution. Thermal parameters, neces-
sary for modeling Yarkovsky forces, are: thermal
conductivity K = 0.005 W/m/K, specific heat ca-
pacity Cp = 680 J/kg/K, surface and bulk den-
sities 1.5 and 2.5 g/cm3. This is about the best
guess we can do for multikilometre asteroids in
the Eos region which likely have an insulating sur-
face layer of dust or at least significant porosity
(making K small). We use analytic formulæ of
Vokrouhlický (1998, 1999) and Vokrouhlický and
Farinella (1999; Appendix) for both diurnal and
seasonal variants of the Yarkovsky effect. With
the chosen thermal parameters the diurnal effect
is about an order of magnitude larger than the
seasonal effect, producing thus both inward and
outward migration of asteroids wrt the Sun.

After setting initial conditions and thermal pa-
rameters, we let our synthetic family evolve for
1 Gy (this end-time is chosen in a rough ac-
cordance with our estimate of the family age in
Sec. 3.2). Figures 7 and 8 show evolution of the
proper elements –semimajor axis, eccentricity and
inclination– in course of time (solid lines), super-
imposed onto positions of the currently observed

9In fact, we use 8 size bins in logarithmic measure and set
a uniform number of objects in each of them.
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Eos family members (dots). The former figure
tracks evolution of asteroids with size D ≥ 7 km,
while the latter is for asteroids with size D ≤ 7 km.
In both figures we show position of major MMRs
–7/3, 9/4 and 11/5– as well as numerous weaker
MMRs such as high-order resonances (e.g. 16/7
or 23/10) and three-body resonances with Jupiter
and Saturn (e.g. 8J−3S−3, 6J+2S−1, 5J−1S−2
or 3J−2S−110; Nesvorný and Morbidelli, 1998;
Morbidelli and Nesvorný 1999; Morbidelli 2002).

The effect of resonances on orbits migrating
in semimajor axis is twofold, depending of the
strength of the resonance and rate of the drift.

The weak resonances can temporarily capture
an orbit and make its proper eccentricity e and/or
inclination I changed by a small amount upon
leaving the resonance (Fig. 9; see also Vokrouh-
lický and Brož, 2002). The effect is not able to
force asteroids to leave the family in this zone of
the asteroid belt, but large enough to make the
mean dispersion in e and I increased in time. Our
simulation suggests that this effect is virtually able
to build the full eccentricity extent of the fam-
ily, but not the inclination extent where it misses
about a factor of two. However we remind, our in-
tegrations assumed for simplicity fixed orientation
of spin axis in space for each of the test particles,
while thermal and gravitational torques, together
with collisional effects, may result in its compli-
cated evolution. As a response to this spin axis
evolution, the drift rate at which Yarkovsky forces
change semimajor axis could change, or even re-
verse, in time, making thus to cross the weak res-
onances at variable speed of from different direc-
tions. This could help increasing dispersal effect
of weak resonances in e and I to an unknown ex-
tent, whose complete numerical simulation is be-
yond the scope of this work. We also remind, that
our isotropic initial velocity field was unrealistic
enough to assume some part of the “inclination
problem” might go into a possible larger initial
inclination spread due to its anisotropy (Sec. 4).

Principal MMRs, 7/3, 9/4 and even 11/5, have
a power to eliminate particles from the family by
significantly increasing (or decreasing) eccentricity

10We adopt the notation of Nesvorný and Morbidelli (1998)
and Morbidelli (2002) who characterize a three-body MMR
(+mJJ+mSS+m) with a condition mJ λ̇J +mS λ̇S +mλ̇ '

0, where λJ , λS and λ are mean longitudes of Jupiter,
Saturn and the asteroid.

and/or inclination upon capture. The strength of
the effect is proportional to the order of the reso-
nance (e.g. Morbidelli, 2002), but it also depends
on rate by which Yarkovsky forces push the semi-
major axis. In Eos we have a very interesting sit-
uation, since the effect of principal MMRs ranges
from near total elimination of the observable par-
ticles (7/3 MMR) to their partial elimination (9/4
MMR). Both produce quantitatively testable ef-
fects: termination of the family in the former case
and a rate-dependent drop in semimajor axis den-
sity of asteroids after passage of the latter. We
devote Section 3.1 to a careful study of this effect
and its comparison with the observed data.

Figure 10 shows a zoom into interaction zone
of the Yarkovsky drifting orbits with the J11/5
and 3J−2S−1 resonances. This doublet is close
enough to cause partial elimination of bodies from
the family. This is mainly happening for orbits
reaching the J11/5 resonance at an eccentricity
“pumped up” by a previous interaction with the
J9/4 resonance. The chance to cross this doublet
is better at lower eccentricity and indeed a look at
Fig. 2, HCM 55 m/s, we note the family first ex-
tends beyond the J11/5 and 3J−2S−1 resonances
at the lowest values of e.

The last resonant effect, very specific to the
Eos family, is the influence of the high-order secu-
lar resonance z1 (e.g. Milani and Knežević, 1990,
1992, 1994). We shall describe it in full detail in
Sec. 3.3, here it is sufficient to note that many as-
teroids in our simulation follow a “diagonal route”
toward smaller values of proper eccentricity and
inclination. At the same time, location in this res-
onance makes the proper e and I to oscillate with
a rather large amplitude and a period of several
My. Asteroids migrating toward large value of the
semimajor axis may also follow this secular reso-
nance, but the 9/4 MMR presents an obstacle that
efficiently removes bodies from the family (and the
z1 resonance at least).

With the above numerical simulation as a toy
example, we are now ready to discuss some par-
ticular and interesting features in the structure of
the Eos family in more detail.

3.1. 7/3 and 9/4 MMR tests

Sharp termination by the 7/3 MMR (Figs. 2
and 3) is among the most astonishing properties
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of the Eos family.11 We note that the width of
7/3 MMR, at the mean eccentricity value of the
Eos orbits, is (∆a)7/3 ' 7 × 10−3 AU. This value
can be approximately interpreted in terms of a
HCM velocity distance (∆v)7/3 as (∆a)7/3/a7/3 '
(∆v)7/3/v7/3; here a7/3 is the position of the reso-
nance and v7/3 is the characteristic orbital veloc-
ity at the resonance. With this relation that as-
sumes no difference in eccentricity and inclination,
we estimate the 7/3 MMR presents an “obstacle”
of (∆v)7/3 ' 10 m/s in the HCM scheme. This
estimate has been obtained using a circular three-
body problem and thus the true width of the 7/3
resonance might be little larger, but it seems that
using the cut-off limit of 55 m/s, as in the case
of our nominal family, we should be able to eas-
ily link a tail of the family extending beyond the
7/3 MMR if it existed with a comparable aster-
oid density as above the 7/3 MMR. In fact, only
a few asteroids get associated with the family be-
yond the 7/3 MMR even at HCM cut-off velocity
Vc = 70 m/s, and these likely represent the back-
ground population of objects (anyway associated
with the family at this large Vc in great number;
Sec. 2) or just a few Eos escapees through the res-
onance (e.g. Fig. 8). We thus conclude that the
Eos family does not extend beyond the 7/3 MMR,
even though it tightly adheres to it along a signifi-
cant interval of eccentricity and inclination values.
We cannot imagine this observation can make any
sense if we wanted to interpret the current fam-
ily configuration in terms of the initial velocity
field (such as in Zappalà et al., 1996, or Cellino
et al., 1999). Rather, we conclude the initial fam-
ily was barely reaching the 7/3 MMR border and
there has been a continuous flow of Eos members
toward this resonance since then. Asteroids reach-
ing the resonance were presumably eliminated by
the chaotic evolution inside (e.g. Tsiganis et al.,
2003), either were not permitted to pass through
the resonance or upon passing it they reached sig-
nificantly different values of eccentricity and incli-
nation. Our expanding-family model fully entails
this idea and thus directly explains this, otherwise
puzzling, feature.

11We note, though, it is not unique among other families:
Koronis family shows the same termination by the 5/2 and
7/3 MMRs (e.g. Bottke et al., 2001), Eunomia family by
the 3/1 MMR (e.g. Morbidelli and Vokrouhlický, 2003), as
well as several other families (e.g. Morbidelli et al., 1995).

However, to proof our claim is correct, we must
perform a quantitative test. Note few of the inte-
grated small-size objects in our previous section
succeeded to cross the 7/3 MMR and continue
drifting to smaller semimajor axis. This is because
probability to cross the resonance depends on the
drift-rate in semimajor axis and the small bodies
eventually drift fast enough to cross the resonance.
(Note this phenomenon is well known from plane-
tary dust studies, where small particles, up to tens
of microns in size, efficiently cross any of principal
resonances in the main belt, but larger particles,
from few hundred microns in size, are scattered
by these resonances; e.g. Dermott et al., 2001;
Nesvorný et al., 2005b). In what follows, we thus
study this crossing probability for Yarkovsky drift-
ing orbits using numerical integration. Each time
we take a sample of 102 asteroids of a given size
initially located above the 7/3 MMR and we let
them drifting by the Yarkovsky forces toward the
resonance. We used osculating orbital elements of
real Eos members located close to the 7/3 MMR
as the initial data. To make the effect statistically
average for a given size, we fix the obliquity to 135◦

for each of the particles. Other thermal parame-
ters and rotation rate are as in our previous nu-
merical simulation of the overall family expansion.
We investigate five characteristic sizes correspond-
ing to the absolute magnitudes H = 13, 14, 15 and
16 (we use the mean albedo pV = 0.13 for the size-
magnitude conversion). The smallest chosen mag-
nitude marks approximately the limiting value at
which the family members adhere to the 7/3 MMR
(see Fig. 3).

Table 1 summarizes the results of our experi-
ment. In general only the smallest asteroids with
the initially low eccentricity and inclination were
able to cross the 7/3 MMR. Among the H = 16
mag, thus D ' 2.4 km, bodies we recorded 13 such
cases. We thus conclude that a few km-sized aster-
oids beyond the 7/3 MMR might be Eos escapees.
Provenience of these putative objects would be the
small e and I tail of the Eos family which is itself
not densely populated (bulk of the family mem-
bers have e ≥ 0.07 for which we did not recorded
crossings of the 7/3 MMR). However, these small-
est bodies are hardly observed at the distance of
Eos family (see Fig. 3) and the first statistically
well populated bin is that of H = 15 mag. Very
few of these larger objects manage to cross the 7/3
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MMR though. It is then not surprising, that the
Eos family does not extend beyond this powerful
resonance.

The case of the 9/4 MMR is even more inter-
esting than the 7/3 MMR, since it permits more
quantitative testing of our Yarkovsky-flow model.
This is because the 9/4 MMR is weaker and thus
allows more drifting orbits to cross it. On the the
other hand, it is still powerful enough to eliminate
some part of the captured orbits. The characteris-
tic ratio of eliminated/crossing orbits may be read-
ily compared with the population of Eos members
of a given size, on both sides of the 9/4 MMR. To
provide this comparison, we again first integrated
a large number of orbits, corresponding to bodies
of a given size, and let them reach the 9/4 MMR.
We thus took groups of 106 particles with absolute
magnitudes H = 10 − 16 and assigned them the
same thermal and physical parameters as above.
We used osculating orbital elements of real Eos
members with proper a ∈ (3.023, 3.027) AU, i.e.
below the 9/4 MMR, as the initial conditions. In
this case, we chose obliquity to be 45◦ to let the or-
bits migrate toward large values of the semimajor
axis.

Table 2 gives our results. As expected, signif-
icantly more asteroids, as compared to the 7/3
case, crossed this higher order resonance.

A quantitative comparison of the probabilities
to cross the 9/4 MMR from the Table 2 to the data
of the observed family needs additional assump-
tions, since they cannot be directly linked to the
number of asteroids of a given magnitude/size on
both sides of the resonance. This is because of two
reasons. First, the 9/4 MMR is miscentered in the
family, for its position at a9/4 ' 3.03 AU is to be
compared with the family center at ac ' 3.02 AU.
Thus, there is a priori bias to have more Eos mem-
bers below the 9/4 than above and we have to
correct for this effect. Second, the left side of
the family is cut by the J7/3 resonance. As a
result, distribution of asteroids with a ≤ ac gives
us only a limited information not extending below
a7/3 ' 2.957 AU. Our procedure is as follows.

Focusing, at first, on the Eos region that corre-
sponds to a ≤ ac we denote B(a;H) density dis-
tribution of members with absolute magnitude H.
Thus

B(a;H) =
dN

da
, (1)

where dN is number of Eos members in the semi-
major axis interval (a, a+da) with a ≤ ac and hav-
ing absolute magnitude is some small range about
H. The zone a ≥ ac has been presumably affected
by the 9/4 resonance in course of time evolution,
but we find admissible approximation (though not
necessarily true) that the initial distribution of Eos
members has been symmetric about ac. Assum-
ing the evolution processes would not violate this
postulated initial symmetry, we expect

N<
exp(H) =

∫ a9/4

a7/3

B(a;H) da (2)

asteroids of absolute magnitude H to reside in the
Eos family on the left hand side of 9/4 MMR (note
the family extends to the 7/3 MMR only, thus the
lower semimajor axis value is set to the location
of this resonance) and

N>
exp(H) =

∫ 2ac−a7/3

a9/4

B(a;H) da (3)

asteroids of absolute magnitude H to reside in the
Eos family on the right hand side of 9/4 MMR (we
also assume here B(a;H) = B(2ac − a;H) which
expresses symmetry of the B-function about ac).
Denoting N<

obs(H) and N>
obs(H) the numbers of

truly observed family members below and above
the 9/4 MMR, we finally define

r(H) =
N>

obs(H)/N>
exp(H)

N<
obs(H)/N<

exp(H)
. (4)

The value of r(H) is a measure of how the true
Eos population follows assumptions of equal dis-
persion/evolution of the family toward smaller and
larger semimajor axis value. In particular, if r ' 1
they are well satisfied.

Figure 11 shows the ratio r(H) for the Eos fam-
ily identified with three HCM velocity cut-offs:
50 m/s, 55 m/s (nominal value; thin line) and
60 m/s. The fact that r(H) is always smaller then
unity quantitatively confirms that there is a net
depletion of the observed members in the Eos fam-
ily on the right side of the 9/4 MMR. We also note,
that r(H) is strongly size dependent, making the
relative paucity of Eos members beyond the 9/4
MMR larger for larger asteroids.

This observation is as such surprising in the
frame of a static model, where the Eos family
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would not dynamically evolve (see the discussion
in Morbidelli et al., 1995). In our scenario, the
fact becomes natural, because the 9/4 MMR is
expected to eliminate part of the Eos asteroids
migrating toward larger a across the resonance.
In fact, if our model would be perfectly correct,
the r(H) values should be equal to the probability
c(H) of crossing the 9/4 MMR with the Yarkovsky
drifting orbits that we obtained from test integra-
tions above (Table 2). For that purpose we plotted
in Fig. 11 the crossing probability c(H) together
with r(H).

We note a rough agreement of r(H) and prob-
ability to cross the 9/4 MMR. In particular, both
indicate no (or very few) bodies with H ≤ 10
should cross the resonance. The principal differ-
ence though is seen in lower crossing probabilities
in the H = 12 − 14 range. We can find several
reasons for this mismatch:

• The exact match of r(H) and the crossing
probability inherently assumes all asteroids
must once cross the resonance. However, our
model in Sec. 3.2 indicates a small fraction
of asteroids might be initially injected on the
right hand size of the 9/4 MMR. The best
fit solution predicts this happens for H ≥ 13
and it may help increasing the local popula-
tion of the Eos members with a ≥ a9/4.

• Asteroids below some size threshold might
typically reach the 9/4 MMR with smaller
obliquity and thus migrate faster (as if they
had effectively smaller size in our simula-
tion). This might be due to the YORP
effect completing a cycle toward its asymp-
totic state within the estimated family age of
slightly more than 1 Gy (Sec. 3.2). The work
of Vokrouhlický et al. (2003), and previous
theoretical studies, suggest D ' (30−40) km
Koronis asteroids complete the YORP cy-
cle in about 2.5 Gy. Scaling appropri-
ately this result, and using the mean albedo
value pV ' 0.13 for the Eos members, we
would assume H ≥ 12 mag asteroids are
small enough (D ≤ 15 km) to reach a near
asymptotic YORP states within the neces-
sary timescale. This would efficiently shift
data points corresponding to H ≥ 12 mag
in Fig. 11 by about 0.75 magnitude toward
smaller values, and also help bringing the

r(H) and c(H) closer each other.

Thus, in spite of not perfect agreement we con-
sider, given our above arguments, the result of our
test satisfactory.

3.2. a − H projection analysis

Like other families, the Eos family shows a typ-
ical pattern when its members are projected onto
the plane defined by semimajor axis a and absolute
magnitude H: the largest asteroid resides near the
mean value of a for the family, while extreme val-
ues of a are occupied by the smallest asteroids only
(Fig. 3). Because it appears natural that smaller
fragments received larger relative velocity with re-
spect to the parent body during the initial catas-
trophic disruption, Cellino et al. (1999) attempted
to use this distribution of family members to cali-
brate the unknown velocity-size relation assuming
families did not dynamically evolve in semimajor
axes since their formation (this work followed an
earlier study by Zappalà et al. (1996), except for
recognizing that proper eccentricity and inclina-
tion might be unstable on a long-term due to ef-
fects of weak resonances). However, Bottke et al.
(2001) pointed out an inadequacy of Cellino et al.
(1999) model by not taking into account long-term
spreading of the family in the semimajor axis di-
rection due to the thermal forces. Thus only af-
ter including all these evolutionary processes one
might attempt to reconstruct an approximate ex-
tension of the initial cluster of fragments and try
to apply methods similar to those in Cellino et al.
(1999) or Zappalà et al. (1996).

In what follows we use a simple model of
Vokrouhlický et al. (2005) to show that the Eos
family had originally semimajor axis extension
equivalent to about 30 − 50% of the currently
observed family. The remaining part has been
acquired later as a result of the dynamical disper-
sion due to the previously mentioned evolutionary
processes. These results are in good agreement
with an independent analysis of Dell’Oro et al.
(2004), who suggest that the initial families were
statistically smaller than the observed families by
a factor of two. Our work is more quantitative and
it allows also to approximately determine the age
of the Eos family, extending and substantiating
thus results from Nesvorný et al. (2005a).
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3.2.1. Method

Here we briefly recall the method of Vokrouh-
lický et al. (2005) to analyse semimajor axis dis-
persion for an asteroid family. Consider a projec-
tion of the family members onto the (a,H) plane;
in general, the result is a clump of data points.
In order to fold information about these data to a
one-dimensional space, Vokrouhlický et al. (2005)
introduced a parametric relation

0.2H = log (∆a/C) , (5)

between H and ∆a. Here ∆a = a − ac, where ac

basically shifts the origin in a near center of the
family and C is a free parameter (both positive
and negative). It is understood that the asteroids
in the family do not satisfy a relation (5) for some
particular (ac, C) values. Rather, with fixing ac,
or averaging results over some small interval of ac

values, the family is characterized by a distribu-
tion of C values. Thus we define a distribution
function

D(C) =
dN

dC
, (6)

where dN is the number of family asteroids in
the (a,H)-strip generated by changing C in the
range (C,C+dC). Within this approach, the func-
tion D(C) contains entire information about the
family. Any model that aims to reconstruct the
family configuration in the (a,H) space could be
validated/tested by matching the observed D(C)
distribution. In what follows we use a pseudo-χ2

method for this comparison.

The choice of the template function (5), and
the related distribution (6) instead of the sim-
ple distribution B(a;H) of semimajor axis values,
has been motivated by simple models involving
purely either Yarkovsky dispersion or fragment
ejection with velocity strictly inversely propor-
tional to their size. Both would yield D(C) con-
stant. So any deviations from a uniform D(C) dis-
tribution could be translated into deviations from
these “toy models”. Luckily, these go in a rather
opposite way. A static model, with no dynami-
cal evolution of the family, but velocity field ei-
ther anisotropic and/or with a velocity dispersion
for fragments of a given size, give typically D(C)
concentrated near the origin or with a single max-
imum, asymmetric to the origin. Conversely, the
model where combined Yarkovsky and YORP dy-
namical evolution of the family plays an important

role results in D(C) that has two maximum values
symmetrically offset from the origin C = 0.

3.2.2. Model

Figure 12 shows D(C) for the Eos family iden-
tified using the HCM cutoff velocity Vc = 55 m/s
(our nominal case).12 In fact we show here directly
the number Nobs(C) of Eos members in the inter-
val (C,C + ∆C) values with ∆C = 4 × 10−6 AU
(there are 41 contributing bins/data points in this
distribution), which is up to a scaling by ∆C iden-
tical to D(C). The result assumes ac uniformly
distributed in between 3.015 AU and 3.025 AU,
very close to (221) Eos, and we always used aster-
oids with a ≤ ac only. We decided to adopt this
latter condition mainly because the region of the
Eos family where a > ac is influenced by the 9/4
mean motion resonance with Jupiter, as discussed
in Sec. 3.1, and that might corrupt our analysis
in an uncontrolled way. Nevertheless, the qual-
itative features discussed below are equally well
identified in this twin part of the family. Most
importantly, D(C) has a significant maximum at
C ' −7.5 × 10−5 AU. The value D(0) repre-
sents only about one half of the maximum value
at a very high statistical level (we use

√

Nobs(C)
as quasi-errors of the values Nobs(C) in each of
the bin in C). We also discarded from our anal-
ysis three objects, associated with the nominal
Eos family, that have their |C| value larger than
1.6×10−4 AU. In Fig. 3 we see them as “triangle”
of bodies with a ≤ 2.98 AU and H ≤ 12 sepa-
rated from the bulk of asteroid members. These
are (1845) Helewalda, (8340) Mumma and (9711)
Zeletava and we suspect these objects interlopers
in the family (this is because within our scenario
they are too far from the center of the family to be
transported to their present location by Yarkovsky
effect within a reasonable timespan). Indeed, in
Sec. 3.4 we prove that the first two are spectrally
alien to the Eos family members.

The maximum of D(C) misplaced from origin
in Fig. 12 is due to the fact that in the (a,H) pro-
jection (see Fig. 3) small asteroids tend to pref-
erentially populate regions at the outskirts of the
family and leave its center underpopulated. Such a

12We have carefully checked, that up to a scaling factor due
to a different total number of asteroids, very similar results
are obtained for families with Vc in the range 50− 60 m/s.
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distorted distribution of family members is hard to
reconcile with any reasonable ejection field of frag-
ments in the family-forming disruption event. In
particular, it would mean two anti-aligned streams
of fragments are thrown to preferentially popu-
late extremal values of VT . Such a geometry has
never been observed in numerical simulations nor
it would be expected by heuristic arguments. On
the other hand, the Yarkovsky dispersal model of-
fers a natural explanation for this feature.

In order to see the argument we need to
briefly recall basic facts about the Yarkovsky-
Öpik-Radzievskii-Paddack (YORP) effect (e.g.
Rubincam, 2000; Vokrouhlický and Čapek, 2002;
Bottke et al., 2003). YORP is only a different
face of the same thermal phenomenon that causes
Yarkovsky force to affect orbital motion, since
YORP means thermal torque that affects rota-
tion of irregularly-shaped bodies. The principal
effect of YORP in our context is its ability to
preferentially tilt obliquity toward extreme values
(Čapek and Vokrouhlický, 2004) that, in turn,
help the Yarkovsky forces to affect more the or-
bital semimajor axis (remind the diurnal variant
of the Yarkovsky effect is likely to dominate for
our bodies). With that conclusion, we would actu-
ally expect small family asteroids occupy extreme
borders of the family in semimajor axis, leaving
its center depleted after some time of evolution.

To test this hypothesis we constructed a simple
numerical model with the goal to quantitatively
match the observed distribution D(C). Its main
features and parameters are as follows:

• We set initial distribution of fragments in the
proper element space due to a finite (non-
zero) velocity field from the parent-body dis-
ruption. To set things simple, we assume
all velocity components, VR, VT and VN

along radial, transverse and normal direc-
tions as regards the parent body orbit, have
the same Gaussian distribution with stan-
dard deviation VSD. We consider two mod-
els: (i) VSD = V is a size-independent free
parameter changed from zero to some max-
imum value of the order ' 100 m/s, or (ii)
VSD = V (5 km/D) is inversely proportional
to the size D and V is again a free parameter
of the model. The number of fragments used
in our simulations is the same as number of

observed asteroids in the family and we as-
sign them the same value of absolute magni-
tude. This is converted to size D using the
standard transformation with two different
assumptions about the albedo value based
on the observed Eos family data determined
by Tedesco et al. (2002): (i) in a simpler
approach we assign a value pV = 0.13 to
all asteroids in our model, since this corre-
sponds to the mean value for Tedesco et al.
Eos sample; (ii) in a more detailed approach,
we assign random pV to individual asteroids
which obeys the observed distribution of pV

(Fig. 16). In the latter case, we run several
simulations, since the size of each asteroid
in this approach is not fixed but it is rather
a statistical quantity. We then average over
results of these several simulations.

• Apart from size and initial orbital elements
(semimajor axis in particular), the asteroids
are assigned some initial value of obliquity ε
and angular velocity ω of rotation in our sim-
ulations. The initial orientation of spin axes
is random in space, thus cos ε is uniformly
distributed in the interval [−1, 1], while ω
is assumed to have a Gaussian distribution
peaked at 8 hr period (e.g. Binzel, 1988).

• Orbital evolution of each of the fragments is
tracked individually. The semimajor axis a
is assumed to undergo a steady change due
to the Yarkovsky forces with a drift rate es-
timated by (e.g. Vokrouhlický, 1998, 1999)

da

dt
= κ1 cos ε + κ2 sin2 ε , (7)

where κ1 and κ2 are functions depending on
surface thermal parameters and the size. In
accord with the numerical simulation above,
we use the following set of thermal constants:
thermal conductivity K = 0.005 W/m/K,
specific heat capacity Cp = 680 J/kg/K, sur-
face and bulk densities 1.5 and 2.5 g/cm3.
The Eq. (7) assumes (i) a spherical body
residing on a circular orbit about the Sun,
and (ii) a restricted, linearized analysis of
the heat diffusion in the asteroid’s surface.
Nevertheless, we find it sufficient for the pur-
pose of our work, because tests against com-
plete numerical analysis show that Eq. (7)
typically fails no more than by a factor 2.
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• We also assume the two parameters of the
rotation state, obliquity ε and rotation rate
ω, undergo evolution due to the YORP ef-
fect. To model it we use

dω

dt
= cYORP f(ε) , (8)

dε

dt
= cYORP

g(ε)

ω
(9)

(e.g. Vokrouhlický and Čapek, 2002; Čapek
and Vokrouhlický, 2004). The f - and g-
functions here are the median strength of
the YORP torques derived by Čapek and
Vokrouhlický (2004) for asteroids with a sur-
face thermal conductivity K = 0.005 W/m/K.
We also introduce a free parameter cYORP

by which we multiply f− and g−functions in
Eqs. (8) and (9), because we suppose mod-
eling of the YORP effect is less certain than
the Yarkovsky effect.

• Finally, our model contains a very simple
implementation of the collisional dynamics;
this is mainly because the Yarkovsky/YORP
effects depend sensitively on the rotation
state, which is itself dependent on collisions
between asteroids. We neglect disruptive
collisions, but include sub-critical collisions
able to significantly re-orient spin axis of the
body. An appropriate approach for this con-
cept has been developed by Farinella et al.
(1998) who obtained the following formula
for the typical re-orientation timescale:

τreor = B (ω/ω0)
β1(D/D0)

β2 , (10)

with B = 84.5 ky, β1 = 5/6 and β2 = 4/3,
the reference size D0 = 2 m and the rotation
frequency ω0 corresponding to the rotation
period of 5 hr.

With a given initial configuration of the family,
we run our code for a time T , ranging from 0.5
to 2 Gy, and we let the family evolve by the ther-
mal effects. As mentioned above, apart from T we
consider another two free-to-fit parameters: V and
cYORP. To set a measure of a quantitative agree-
ment between the simulation and the observed Eos
family, we define a pseudo-χ2 target function

Ψ∆C =
∑

∆C

(

N(C) − Nobs(C)

Nobs(C)

)2

, (11)

where formally the errors assigned to the number
Nobs(C) in a given bin (C,C +∆C) is

√

Nobs(C);
N(C) is the simulated number of asteroids in the
appropriate C-bin. Our procedure seeks to mini-
mize Ψ∆C(T, V, cYORP) by variation of the three
parameters in certain interval of values. Admis-
sible solutions are characterized by Ψ∆C value of
the order equal to the number of used bins in C
(41 in our case), while solutions giving much larger
Ψ∆C are incompatible with the observed family.

3.2.3. Results

For simplicity, we start with simulations where
all asteroids were assumed to have a single albedo
value pV = 0.13. Figure 13 shows contour plots
of Ψ∆C projected onto 2-D parameter planes T
vs. cYORP, T vs. V and cYORP vs. V . The
best-fit solution for N(C), together with the ob-
served data Nobs(C) and their formal error-bars,
is shown in Fig. 12. The results here hold for our
simpler model, where V is size-independent, mean-
quadratic velocity with which collisional ejecta are
initially dispersed. Each time we picked the best
Ψ∆C-value along the suppressed dimension. The
“critical” isoline value of 41 is plotted in bold; re-
call this value formally corresponds to solutions
that barely match the observed family at the cho-
sen 1σ-interval from all data points. If we adopted
this threshold correct, the best solution we obtain
for the three parameters is: T = 1160+40

−100 My,

cYORP = 0.7+0.3
−0.2 and V = 52+10

−14 m/s. Note,
the three parameters are not uncorrelated in our
solution, such that stronger YORP (i.e. larger
cYORP) pushes the family age T to smaller val-
ues. The least correlated are cYORP and V . The
best-fit V of the velocity V is low and compatible
with values expected from the hydrocode model-
ing. The initial family thus had about half ex-
tension in semimajor axis than the currently ob-
served one. We also note that cYORP ' 0 value is
strongly incompatible with the observations and
thus YORP is needed for explaining observations.
Its strength is, however, poorly constraint. The
best-fit value of the target function (11) we found
is Ψ∆C = 27.8, smaller than 41, though we obvi-
ously admit a slight arbitrariness in our definition
of formal standard deviation

√

Nobs(C) of num-
ber of objects in the C-strips (obviously any lin-
ear scaling in this quantity projects quadratically
in the value of Ψ∆C). Nevertheless, we consider
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our fit is statistically significant.

Figures 14 and 15 show again the best fit solu-
tion for N(C) and 2-D contour plots of the target
function Ψ∆C in case of our refined model, when
VSD = V (5 km/D) (the mean-quadratic dispersal
velocity is inversely proportional to size of frag-
ments). Now V is a solved-for parameter fixing
ejection velocity for D = 5 km fragments. Our
best solution reads: T = 1150+150

−100 My, cYORP =

1.1+0.9
−0.7 and V = 93+25

−20 m/s, where again the un-
certainty limits are derived from the Ψ∆C = 41
contour plot. The minimum target function value
is Ψ∆C = 26.2 below the admissible limit of 41,
hence we consider the best solution statistically
significant, and slightly better than in the previ-
ous solution. The general features of the solution
are basically identical to the previous one with
constant dispersal velocity VSD, confirming thus
robustness of the solution. In our opinion, two re-
sults are the most interesting: (i) the estimated
age of the Eos family consistently spans about
the same interval of values, and (ii) the YORP
strength within a factor 0.5−1 corresponds to the
modeled value by Čapek and Vokrouhlický (2004).

In the previous tests we used constant, and
to-date, luminosity of the Sun. However, evolu-
tionary models of the solar interior imply the Sun
should have been about 25% fainter some 4 Gy ago
(e.g. Bahcall et al., 2001; Table II). Smaller radi-
ation flux in the past should produce weaker ther-
mal effects, both the Yarkovsky force and YORP
torque, and thus may modify our conclusions. For
that reason we re-run our previous simulations
taking into account variable solar luminosity. We
approximate its time-dependence L(t) with

L(t) ' L0

[

1 + 0.3

(

1 − t

t0

)]−1

, (12)

where L0 is the current solar luminosity, t0 '
4.57 Gy is the age of the Sun and t is time (in Gy)
measured from the origin of the Solar system (e.g.
Bertotti et al., 2003; Chap. 7). Though not per-
fect, we find this approximation accurate enough
for our tests. Our results indicate that while the
best-fit values for cYORP and V are comparable
to our previous results the estimated age T of the
family is little longer: T = 1200+120

−100 My. Note,
that according to our model Eq. (12) the mean
solar luminosity over the past Gy was about 4%
lower than today, and this nearly exactly projects

into a ' 4% increase of the estimated Eos age.
Thus for a moderately young family, such as Eos,
the effect of fainter Sun in the past appears to
be smaller than other uncertainties in our model.
Perhaps a formal stretching of the age by the solar
luminosity mean value is an acceptable approxi-
mation.

Finally, we test robustness of our solution on
variation of the a priori unknown asteroid size (or,
equivalently, their geometric albedo pV value). To
do so, we consider pV distribution determined for
98 Eos members (selected from our nominal family
at HCM Vcut = 55 m/s) by Tedesco et al. (2002)
– Fig. 16. We note the data show a consider-
able spread about the mean value of pV = 0.13
used above, both to smaller and larger values. We
run 10 simulations similar to those above using
the mean ejection velocities of fragments inversely
proportional to their D (our second model above),
each time randomly assigning pV to our asteroids
to satisfy the observed distribution from Fig. 16.
The best fit values of Ψ∆C ranged from 17 to 26,
meaning thus our solutions each time fit reason-
ably well the Eos observed data (in fact, formally
the best solutions). Considering the mean value of
the best-fit solution for each of the free parameters
(weighted by the best-fit value of the target func-
tion), and an envelope of the Ψ∆C = 41 region in
the parametric space, we obtain T = 1300+150

−200 My,

cYORP = 0.7+1
−0.5 and V = 70+20

−20 m/s. In compar-
ison with the fixed albedo pV = 0.13 model, we
note only the estimate of the family age T changed
a bit. This is because lower albedo values imply
larger asteroid size and thus slower drift due to
the Yarkovsky effect and strength of the YORP
torques (note the pV is somewhat skewed about
the median toward smaller values).

3.3. Asteroids in the z1 secular resonance

The importance of high-order secular reso-
nances for the long-term fate of asteroid fami-
lies has been studied only little so far. In part,
this is because the topic is difficult from the or-
bital dynamics point of view, both as concerns
analytical analysis and also as concerns numeri-
cal experiments that require tracking the asteroid
motion over a long period of time. Milani and
Knežević (1990, 1992, 1994) and Knežević and
Milani (2003) have introduced and investigated
these problems at some depth about a decade ago
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only. These authors noticed that the Eos family is
intercepted by the z1 = g+s−g6−s6 resonance.13

On a short-term (several My) no major effect on
the family was expected, but Milani and Knežević
(1990, 1992) posed a question about the long-term
effects on the structure of the Eos family. This ar-
gument has been invoked several times afterword
(e.g. Zappalà et al., 1990; Marzari et al., 1995)
but without a deeper analysis.

The second reason why the high-order secular
resonances received a little attention so far is that
the asteroid families were assumed by many to de-
viate from simple models for other, more obvious
reasons such as uncertain geometry of the initial
velocity field. These were expected to mask any
noticeable trace of the dynamics in weak secular
resonances. This point of view has been, however,
broken by Bottke et al.’s (2001) analysis of the Ko-
ronis family. These authors proved that the most
significant, and also the most peculiar, feature of
the Koronis family – the ' 0.025 proper eccentric-
ity shift of all members in the Prometheus clan
– derives from the interaction of the Yarkovsky-
migrating orbits with the g + 2g5 − 3g6 secular
resonance.

In what follows we aim to demonstrate that,
albeit in a less spectacular way, the Eos family
is clearly affected by the same process. As the
asteroids migrate in the proper element space by
the Yarkovsky effect, they get captured by the z1

secular resonance and become driven to a specific
region at the outskirts of the family as indicated
in Fig. 4 and hinted from our numerical simulation
described above.

3.3.1. Theoretical basis

A fundamental model of the perturbed aster-
oidal motion is the restricted three-body problem
of Sun-Jupiter-asteroid (e.g. Morbidelli, 2002).
Many aspects of asteroid motion, including fine
perturbations, can be studied within this frame-
work. Each of the various problems, such as mo-

13This resonance causes the secular angle to $ + Ω − $6 −

Ω6 librate, rather than circulate, on a typical timescale
of 3 − 5 My; here $ is longitude of pericenter and Ω is
longitude of node of the asteroid, while $6 and Ω6 are the
same parameters for Jupiter. In an analytical theory, such
as Milani and Knežević (1990, 1992), the g + s − g6 − s6

frequency appears as a small divisor associated with this
resonance.

tion in/near mean motion or secular resonances,
is best understood if properly chosen variables are
used. We thus start with a very brief recall of the
variables tailored to the z1 resonance.

The restricted three-body problem is a four de-
gree of freedom autonomous system with the first
three degrees describing three-dimensional motion
of the test body (asteroid) and the last degree
is Jupiter’s longitude in orbit (removing time-
dependence due to Jupiter’s motion). In a Hamil-
tonian approach the asteroid-related degrees of
freedom are standardly described with Delaunay
variables (L,G,H; l, g, h) or variables derived from
them by canonical transformations (e.g. Mor-
bidelli, 2002). For instance, it appears suitable
for us to choose




L l
G g
H h



 →





Λ = L λ = l + g + h
Σ = L − G σ = −g − 2h
Θ = 2G − H − L θ = −h



 ,

(13)
where the new canonical variables (Λ,Σ,Θ;λ, σ, θ)
replace the original Delaunay set.

Representation of Jupiter’s motion becomes
more involved when secular variations of its or-
bital elements, mainly due to interaction with
Saturn, are included in our analysis. This ex-
tends the problem by at least three degrees of free-
dom (e.g. Moons et al., 1998; Morbidelli, 2002);
notably nonsingular elements (e′ cos$′, e′ sin $′;
sin(I ′/2) cos Ω′, sin(I ′/2) sin Ω′) of Jupiter are go-
ing to be expressed as harmonic functions of the
secular angles λ5 = g5t, λ6 = g6t and λ16 = s6t
(here g5, g6 and g16 are the corresponding funda-
mental frequencies of the planetary system; e.g.
Morbidelli, 2002). The conjugated momenta to
these angular variables are Λ5, Λ6 and Λ16. Using
another canonical transformation








Σ σ
Λ6 λ6

Λ16 λ16

. . . . . .









→









−Σ −σ − λ6 − λ16

Σ − Λ6 −λ6 − λ16

Λ6 − Λ16 −λ16

. . . . . .









,

(14)
we obtain variables suitable to analysis of motion
in the z1 resonance, because Σ′ = −Σ and σ′ =
−σ − λ6 − λ16 appear to be resonant momentum
and critical argument of this secular resonance. In
a simplified model where all other degrees of free-
dom are eliminated by averaging, the resonance
becomes represented by a one-dimensional model
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in resonant variables (Σ′, σ′). In particular, out-
side the resonance σ′ circulates with secular fre-
quency −σ̇−g6−s6 (overdot is a time derivative),
while inside the resonance, i.e. near the hypersur-
face Z1 : −σ̇ − g6 − s6 ' 0, σ′ librates. Since
Σ′ =

√
a (1 −

√
1 − e2), and a is constant due to

eliminated λ, the resonance produces a long-term
variations in eccentricity e of the orbit. Because
Θ is also constant, due to the elimination of θ, we
have a quasi-integral

√

a(1 − e2) (2− cos I). Thus
the long-term variations of orbital eccentricity e
and inclination I are resonantly coupled and the
inclination has also long-term variations.

Additional difficulty arises when a non-gravita-
tional force, like the Yarkovsky effect, is included
in the model. In the simplest representation we
could retain only the major secular effect, namely
a steady change of the semimajor axis a. Because
the characteristic timescale for this perturbation
is very long, even if compared to the secular dy-
namics in the weak z1 resonance, one might still
assume a constant during one resonant cycle of
σ′ and investigate evolution of the system under
slowly (adiabatically) changing parameter a. This
approach could, in principle, yield capture proba-
bilities in the z1 resonance for bodies with differ-
ent rate of change in a. Once in the resonance,
one would assume the orbits shows coupled oscil-
lations in e and I over-imposed over a slow mi-
gration along Z1 hypersurface until conditions to
leave the resonance are satisfied. However, it is not
our goal to present that detailed analysis and we
mainly rely on results of numerical experiments.

3.3.2. z1 resonance in the Eos family

We first analyze residence of the Eos asteroids
inside the z1-resonance. We consider the fam-
ily identified using HCM and Vc = 55 m/s; in
Sec. 2 we found it contains some 4394 members.
We numerically integrated orbits of these aster-
oids for 10 My and computed behavior of the crit-
ical angle σ′ defined above. For that purpose we
use the same symplectic integrator as described
above, but we do not include the Yarkovsky forces
at this stage keeping just gravitational perturba-
tions from giant planets. As above, the planetary
initial data are from JPL DE405 ephemerides and
the asteroid initial data from the AstOrb database.
To simplify our procedure, we first output mean
orbital elements for each of the asteroids every

1.5 ky using Fourier filtering of high-frequencies
from the osculating orbital elements. The mean
orbital elements are then processed with the aim
to identify asteroids residing in the z1 resonance.
In particular, we use running window filter about
750 ky wide and with steps of 100 ky. On each
of these intervals we Fourier analyze the time se-
ries of the non-singular orbital elements and we
determine frequency and phase of the proper and
forced terms. Among the forced terms we are prin-
cipally interested to isolate the g6 and s6 frequen-
cies and their associated phases. The phases are
used to construct the critical angle σ′ of the res-
onance, where $ and Ω are substituted by the
phases of the corresponding proper terms in non-
singular orbital elements, and $6 and Ω6 are the
phases of the corresponding forced terms. We re-
place the momentum Σ′ with the frequency com-
bination g + s − g6 − s6 and plot asteroid tracks
in the configuration space of these two variables.
Figure 17 shows several examples including aster-
oid (221) Eos that is trapped in the z1 resonance
(e.g. Milani and Knežević, 1990, 1992). We show
both motion of asteroids whose σ′ librates at small
amplitude, thus residing near the center of the res-
onance, the case for which σ′ alternates between
libration and circulation, thus residing near the
separatrix of the resonance, and the case for which
σ′ circulates. Typical libration periods of σ′ inside
the resonance are between 3− 5 My and the reso-
nance width is about 0.8 arcsec/yr. Figure 4 then
helps to translate this information into which por-
tion of the proper element space this resonance
occupies. Interestingly, we note the z1 resonance
stretches over a fairly non-negligible fraction of the
Eos family. We find that 13% (575 out of 4394)
Eos family members are captured inside this res-
onance.14 Figure 18 shows the distribution of the
critical angle σ′ of all 4394 asteroids associated
with the family (solid line). Unlike the previous
studies, Brouwer (1951) or Milani and Knežević
(1992), we show σ′ distribution is uniform up to
random fluctuations. For sake of completeness we
also show σ′ histogram constructed from 58 aster-
oids known as Eos members to Brouwer (1951),
truly indicating some degree of non-uniformity.

14We have also analyzed residence of Eos members in the
g + s − g5 − s7 secular resonance and found only ' 1.5%
of them librate. This is because this resonance is much
weaker (e.g. Milani and Knežević, 1990, 1992).
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The reason though is that large asteroids near
(221) Eos are preferentially located inside the z1

resonance and thus have σ′ values confined near
the value of stable point of this resonance pro-
ducing thus the observed effect (the same applies
to a lesser degree to data reported by Milani and
Knežević, 1992). Hence the previously reported
non-uniform distribution of σ′ is a selection effect
unrelated to the age of the family.

On a short term, such as the 10 My integration
we performed, no instability can be observed and
it is also quite possible that without the dissipa-
tive perturbing effects the z1 resonance would not
produce any significant disorder in the Eos family.
Nevertheless, as shown in Fig. 19, it produces a
non-negligible spread of the family in eccentricity
and inclination, contributing thus to the old prob-
lem with this family (see Sec. 1). This is partly
surprising given the weakness of the resonance: for
a near-separatrix case, such as (2216) Kerch, the
the synthetic proper eccentricity, determined from
an integration spanning ' 1 My, may oscillate in
time by nearly 0.02. This is about a half of the
total eccentricity extension of the family, thus a
significant fraction. The same applies to the in-
clination. The results shown in Fig. 19 were ob-
tained by considering orbital evolution over 700 ky
windows, sliding in 100 ky steps, from our 10 My
integration. In each of the windows we Fourier de-
composed non-singular orbital elements related to
both eccentricity and inclination and eliminated
the planetary, forced terms. With that procedure
we identified the proper terms and we determined
proper eccentricity and proper sine of inclination
as amplitudes of these terms (see Knežević and
Milani, 2000).

The role of the z1, however, changes –and
strengthens– when the Yarkovsky forces are taken
into account. As demonstrated by our numerical
integration above (see also Vokrouhlický and Brož,
2002), migrating asteroids due to the Yarkovsky
effect may encounter the z1 resonance and become
long-term captured before being ejected again.
The captures may last several tens to several hun-
dreds of My. During the capture period, the or-
bit is confined inside the z1 resonance but the
Yarkovsky forces keep changing the value of semi-
major axis. As a result, orbits follow the res-
onance, moving along it like on a “slide”. As-
teroids drifting toward smaller value of the semi-

major axis, in particular, are forced to decrease
their mean value of the inclination and eccentric-
ity when confined to the resonance. In Sec. 2
we suggested this mechanism may populate the
anomalous tail of the Eos family and we have seen
a direct confirmation of this process in our sim-
ulation of the synthetic family. We thus selected
Eos family asteroids whose proper elements sat-
isfy a ≤ 3.01 AU, e ≤ 0.065 and sin I ≤ 0.17,
and we checked their residence in the z1 resonance.
Not surprisingly, we found 67% (246 out of 366)
of these orbits reside in this resonance. This much
higher fraction, as compared to the whole Eos fam-
ily as a whole, suggests asteroids has been trans-
ported to this outskirt place via confinement in
the z1 resonance combined with the Yarkovsky-
induced drift.

3.4. Additional data and observations

In order to substantiate our previous interpre-
tations and conclusions, based uniquely on a dy-
namical HCM identification of the family in the
proper element space, we conducted spectroscopic
observations of about a dozen asteroids in the Eos
zone. Our objective was to support relation of
particular asteroids to the family in some cases or
reject their relation to the family in some other
cases.

In the first case, we focused on asteroids lo-
cated inside the z1 secular resonance and having
anomalously small value of proper eccentricity and
inclination as compared to the other Eos mem-
bers (Sec. 3.3). Finding them spectrally compati-
ble with Eos asteroids would support our scenario
of transporting objects to this outskirt zone in the
proper element space. In a less spectacular way,
this bears similarity to Zappalà et al. (2000) spec-
tral identification of Eos fugitives inside the 9/4
MMR.

In the second case, we focus on suspected in-
terlopers in the Eos family. Those are suggested
by our model to fit the Eos family in the proper
semimajor axis a vs. absolute magnitude H pro-
jection (Sec. 3.2). Notably, objects with anoma-
lously large value of the C parameter from Eq. (5),
or in other words disconnected from the bulk of
family objects in the (a,H) plane (Fig. 3), can-
not fit our Yarkovsky-transport scenario being too
offset from the family center for their large size.
Within our model, we demand them being aliens
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in the family and spectroscopic information may
offer a confirmation. Note, in fact, that we have
discarded three of such asteroids from our fitting
procedure in Sec. 3.2 under this assumption.

We start with our own observations in Sec. 3.5,
and to strengthen our conclusions we also make
use of the most updated SDSS database in Sec. 3.6
(performing thus a more detailed look at the Eos
family than Nesvorný et al., 2005a).

3.5. Spectroscopy

3.5.1. Asteroids inside the z1 resonance

Table 3 summarizes our target asteroids and the
observational circumstances. The asteroids inside
the z1 stream are generally very small, so their
spectroscopy is challenging even with moderately
large instruments. Our sample of the observed as-
teroids is random, mainly deriving from observa-
tional possibilities, from the used instruments and
from the available observation timespan. The Kitt
Peak National Observatory (KPNO) and Palomar
observations reported in this and the following sec-
tions were acquired both through a dedicated pro-
gram for this work and also as targets of oppor-
tunity during the ongoing Small Main-Belt Aster-
oid Spectroscopic Survey (SMASS). The KPNO
observations used the RCSP spectrometer on the
Mayall 4-m telescope, generally covering the spec-
tral range 500 − 920 nm, and the Palomar ob-
servations used the Double Spectrograph on the
Hale 5-m telescope and generally covered the spec-
tral range 320 − 950 nm. Details of the observa-
tions and reductions can be found in Binzel et al.
(2004), which used the same telescopes and in-
struments and had identical data reduction and
analysis techniques. To summarize, well-known
solar-type stars were observed frequently during
the night interspersed with target objects in or-
der to account for the influence of the solar spec-
trum and the terrestrial atmosphere on the tar-
get asteroids. Commonly used IRAF routines and
packages were used to extract the spectra of the
asteroids and stars, and a set of mean extinction
coefficients appropriate for each observing site was
used for additional corrections. The resulting as-
teroid/star ratios were then tied into the spectral
taxonomy of Bus and Binzel (2002a,b).

Figure 20 shows the collected reflectance spec-
tra for our 4 objects, indicating three are of T-

class and one –(62948) 2000 VE32– is of X-type.
As discussed in Sec. 2.2, the T-types are well
compatible with Eos family and we thus inter-
pret these three objects as Eos members that has
been likely closer to the center of the family in the
past but were pushed to their present locations
by the Yarkovsky forces. The X-type asteroid in
the same zone appears to be an interloper object
equally caught in the z1 resonance. The ∼ 25%
fraction of alien asteroids in our observing sam-
ple, though certainly not much statistically signif-
icant, might correspond to the overall ∼ 25− 30%
interloper fraction inside the Eos family inferred
from spectroscopic observation of large members
(see Sec. 2.2).

3.5.2. Suspected interlopers

Next we comment on observations of suspected
interlopers in the Eos family (Table 4). In this
case we used three sites and instruments to col-
lect the data: (i) the 1.52-m European Southern
Observatory (ESO) telescope at La Silla, (ii) 4-
m telescope at KPNO, and (iii) 5-m telescope at
Palomar.

The observations carried out at La Silla were
an extention of the S3OS2 survey (Lazzaro et al.,
2004) during two observational runs in March and
November 2002. The ESO 1.52-m telescope was
equipped with a Boller and Chivens spectrograph
and a 2048 × 2048 pixels CCD detector with a
readout noise of 7[e− rms] and square pixels of
15µm. A grating of 225 gr/mm with a dispersion
of 33 nm/mm in the first order was used. This con-
figuration resulted in an useful spectral range of
490−920 nm with a FWHM of 1 nm. The spectra
were taken through a 5 arcsec slit oriented in the
East-West direction. The spectral data reduction
was performed using the IRAF package and the
classical procedure with averaged bias and dome
flat-fields. Wavelength calibration was performed
using a He-Ar lamp, which spectrum was obtained
several times during each night. The spectra were
corrected for airmass by using the mean extinc-
tion curve of La Silla (Tüg, 1977). Different so-
lar analogs (Hardorp, 1978) were observed in each
observational run in order to compute reflectivi-
ties. Tests made using different solar analogs pro-
duced differences in the reflectance spectra smaller
than 1%/100 nm. The solar analogs HD44594 and
HD20630 were used in the March and November
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run, respectively. The obtained asteroid spectra
have been normalized around 550 nm by conven-
tion.

Figure 21 folds all acquired spectra into a com-
mon frame with a necessary shift in the reflectance
scale for visibility. The lowest shown are three X-
type objects, certainly spectrally alien to the Eos
family. The same holds for (251) Sophia, a large
target seemingly offset in semimajor axis from the
family members of comparable sizes (Fig. 22). Our
data make us classify this target as L-type, dissim-
ilar to the main KTD sequence in the family. All
these four objects are our searched, high-C inter-
lopers. Further objects require closer discussion.

Asteroid (8340) Mumma is the only object we
observed with semimajor axis smaller than ac =
3.02 AU and a high value of the C parameter (see
Fig. 22 where we summarize positions of our ob-
served targets in the (a,H) projection; an X-type
asteroid (1845) Helewalda was added here for sake
of interest, Monthé-Diniz et al., 2005). We note,
that this object is also located inside the z1 secu-
lar resonance, being its by far largest body. With
its semimajor axis a = 2.97 AU it is largely off-
set from the family center, so that the Yarkovsky
forces could not have transported it to its location
from near the family center in ' 1 Gy, i.e. the age
of family estimated in Sec. 3.2. From that per-
spective we require it interloper. We find (8340)
Mumma a possibly D-type object, whose spectrum
steepness is however anomalous even within this
class (Fig. 21) and also within other D-type aster-
oids embedded inside the Eos family. This hints
about its incompatibility with the family. In the
next section we find using SDSS data highly likely
that (8340) Mumma is indeed an interloper in the
family.

Asteroid (27789) 1993 BB7 has a spectrum re-
sembling that of the K-type asteroids, suggest-
ing its membership in the family. We find this
link possible in spite its rather large value of
C = 1.77 × 10−4 AU. Figure 22 suggests this ob-
ject resides right at the possible limit of the family,
whose offset in semimajor axis (thus in C) might
have been increased by a favorable initial position
and/or jumping through the 9/4 MMR on its way
toward larger semimajor axis values. Indeed, the
finite width of this resonance, 0.005 − 0.01 AU
(Figs. 7 and 8), help dispersing the family more
on the right hand side of the 9/4 MMR.

Out of the two Xk-type classified objects –
(11993) 1999 XX and (36151) 1999 RG193 – the
first lies again close enough to the family edge that
it might be compatible as a family member even
in our scenario. However, given their flat spectra
we consider them rather alien to the family. The
most intrigue case is that of (1755) Lorbach, a T-
type asteroid well beyond a reasonable association
with the family (Fig. 22; note also this asteroid be-
comes associated with the Eos family only at the
HCM velocity Vc = 58 m/s so formally it is not
a member of our nominal Eos family). Since T-
types are not exclusively members in the Eos fam-
ily but are in a small number found through the
whole main asteroid belt we find plausible that
(1755) Lorbach is an interloper in the Eos fam-
ily. We made a search in the two most wealthy
spectroscopic databases – SMASS and S3OS2 –
and found there are 49 T-type asteroids classi-
fied. Out of these, only 5 are clear members of the
Eos family.15 The surrounding zone of the Eos
family holds another 12 T-type asteroids in the
SMASS and S3OS2 catalogues that are certainly
not related to this family.16 Interestingly, many of
them have semimajor axes values in a tight zone
between 3.12 AU and 3.19 AU. This observation
suggests the background zone near the Eos family
contains a non-negligible number of T-type aster-
oids, of which (1755) Lorbach may be a member.
In the next section, we use SDSS data to bring
another piece of evidence for this asteroid being
alien to the Eos family.

3.6. SDSS data

Additionally to the narrow-band spectroscopy,
we also used a large database of the SDSS five
broad-band photometry to characterize reflectance
of smaller asteroids inside the Eos family. We
use the same methodology and data analysis as
in Nesvorný et al. (2005a), though we make ad-
vantage of the third, updated release of the SDSS
data. This source contains five color information

15There are 22 more T-type Eos members found through ob-
serving programs dedicated to this family (Doressoundiram
et al., 1998; Monthé-Diniz et al., 2005), but we consider
better to base our argument here on the mentioned all-belt
programmes.

16These are: (96) Aegle, (465) Alekto, (596) Scheila, (717)
Wisibada, (979) Ilsewa, (986) Amelia, (987) Wallia, (1006)
Lagrangea, (1209) Pumma, (1306) Scythia, (2813) Zap-
pala, (2929) Harris.
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about 43424 individual moving objects that were
positively identified with known sources. Search-
ing in this database, we found 985 Eos mem-
bers. We constructed normalized reflectance spec-
tra and computed their principal components PC1

and PC2 (see Eq. (1) in Nesvorný et al., 2005a).
For the final analysis we choose only 499 asteroids
with formal PC1 and PC2 errors smaller than 0.1.

Figure 23 shows our results. Left panel gives
the mean 5-point spectrum (dashed line) together
with a formal standard deviation strip (shaded
zone). The overall shape of the mean spectrum
well matches T-type classification, however this
comparison might be partially flawed with proper-
ties of the SDSS broad-band filters. Namely, the
long-wavelength SDSS z filter spans a rather broad
wavelength interval centered about 909.7 nm (e.g.
Fukugita et al., 1996) and it effectively smears to
some degree the absorption feature near 0.9µm
crucial for the spectral taxonomy in optical. Thus
a more quantitative results may be achieved us-
ing analysis of the family projected onto the prin-
cipal component axes – right panel in Fig. 23.
Though a large scatter of data-points is notice-
able here, likely corresponding to the variation of
the spectral classes concluded from narrow-band
spectroscopy data, the Eos members do consti-
tute a distinct cluster in these variables (such as
they have been identified through clustering anal-
ysis in the proper element space). Assuming the
Eos cluster represents a formal relation of the two
principal component parameters PC1 and PC2, we
may determine confidence levels corresponding to
this relationship (see e.g. Bertotti et al., 2003,
Sec. 20.5). In Fig. 23 we specifically show the el-
lipses of the 90% and 99% Eos membership based
of this analysis. Asteroids close to these limits,
or beyond them, happen to be weakly connected
with the bulk of the family and likely represent
outlier bodies. We searched large objects beyond,
or close to, the 90% confidence level which cor-
respond to a large |C| constant from Eq. (5), i.e.
which are detached from the family in the plane
of proper semimajor axis and absolute magnitude.
We found four cases of interest (shown as crosses
in Fig. 23). Asteroids (4843) Megantic and (4431)
Holeungholee, denoted 3 and 4, have been both
classified X-types using narrow-band spectroscopy
(Lazzaro et al., 2004; Monthé-Diniz et al., 2005).
Indeed, they are shifted out of the center of Eos

group toward smaller value of PC1 component in-
dicating their flatter spectrum. The amount of
the shift places them at the outskirt of the family
and we thus confirm conclusions from the narrow-
band spectroscopy analysis that these two objects
are very likely interlopers in the Eos family. The
other two cases are (8340) Mumma, denoted 1,
and (1755) Lorbach, denoted 2. These are par-
ticularly interesting, because the analysis of the
narrow-band photometry reported in Sec. 3.5 let
them classified D and T. These classes are gener-
ally compatible with the family (Sec. 2.2), but this
does not mean that an interloper asteroid might
not accidentally belong to the D or even T taxon-
omy class. In the (8340) Mumma case, we indeed
observe that the SDSS photometry places it to-
ward the D group (high PC2 value). In fact its
displacement in PC2 component, relative to the
family center, is larger than for other D-type Eos
members, so that (8340) Mumma occurs beyond
the 99% confidence level of the family PC1-PC2

identification. Thus the SDSS data suggest that
(8340) Mumma appears to be alien in the Eos fam-
ily, in spite its D taxonomic classification. The
same analysis results in merely rejecting (1755)
Lorbach as an Eos member in spits its T taxo-
nomic classification since this asteroid resides at
the 90% confidence level line for being associated
with the Eos family using the clustering in (PC1,
PC2) plane.

Finding these last two asteroids incompatible
with membership to the Eos family is “good news”
since their respective values of the C parameter are
C = −2.1× 10−4 AU for (8340) Mumma and C =
5.1×10−4 AU for (1755) Lorbach, far too large to
explain them using the Yarkovsky diffusion model
(see e.g. Figs. 12, 14 and 22).

4. Conclusions

This work represents a progress in understand-
ing the structure and history of the Eos asteroid
family. In particular, with the Yarkovsky diffusion
model we were able to match several outstanding
features seen in the proper element space such as
the sharp termination at the 7/3 MMR and for-
mation of an asteroid stream adhered to the z1

secular resonance.17 Our model also stands the

17Here we also recall the work of Tsiganis et al. (2003) who
used the same model as here to satisfactorily interpret the

23



test of comparing population of the Eos members
of both sides of the 9/4 MMR by correctly predict-
ing their relative fraction, and it provides the only
platform to understand the concentration of small
asteroids toward the extreme values of the semi-
major axis inside the family (see also Vokrouhlický
et al., 2005). An important circumstance of this
matching the semimajor axis distribution of small
members is our ability to constrain the age T of
the Eos family. Our estimate, T = 1.3 Gy some
30% younger than used by Nesvorný et al. (2005a),
actually brings the Eos “data-point” closer to the
empirical relation between the average spectral
slope PC1 within the family and its age deter-
mined by these authors (see Fig. 11 in Nesvorný
et al., 2005a).

The still puzzling status of the Eos parent-body
mineralogy, reflected as a taxonomic non-uniform
taxonomiy of nearly-certain members of this fam-
ily, makes us to not overvalue our spectral analy-
ses and inferences from them in Sec. 3.4. Never-
theless we find satisfactory that majority of ran-
domly chosen small asteroids inside the z1 stream
from the Eos family are spectrally compatible with
its members. Similarly, we showed that many of
asteroids that would appear puzzling within our
Yarkovsky-diffusion scenario (those having large
C parameter), have flat spectra what is in conflict
with Eos membership. In the case of asteroids
(8340) Mumma and (1755) Lorbach, additional
analysis of the SDSS 5-color photometry helped
us to argue in favor of their mismatch with the
family.

At the same time, we do admit our work does
not fully resolve the old-standing problem of large
eccentricity and, especially, inclination dispersion
of the Eos family (Sec. 1). In our view this prob-
lem has most likely to do with a combination of
two effects. First, Bottke et al. (1994) analysed
statistical properties of relative velocity for main
belt projectiles on a putative Eos family progeni-
tor (assumed for simplicity to have the same orbit
as Eos). They found the relative velocity com-
ponent normal to the Eos plane is by a factor
' 4 larger than the along-track relative veloc-
ity component, while the radial relative velocity
component is somewhat intermediate. Numerical
modelling work of large asteroid disruptions shows

resonant population of asteroids inside the 7/3 MMR.

that the ejecta velocity field is always anisotropic.
More interesting for us, this anisotropy often (es-
pecially for impacts with nonzero inclination) bear
imprints of the relative velocity of the projectile
such that the fastest released fragments fly approx-
imately along the direction given by the relative
projectile velocity (or within some cone around it).
Recalling, from Gauss equations, that the initial
semimajor axis dispersion derives from the along-
track velocities of ejecta, while the inclination dis-
persion derives from the normal velocities of ejecta
(for the eccentricity we have a combination of the
along-track and radial velocities of ejecta), we nat-
urally expect larger initial dispersion of the family
in the inclination and eccentricity.

To make the comparison quantitative, we note
that our best solution from Sec. 3.2 indicates that
D ' 4 km asteroids, dominantly populating the
family, were ejected with the typical along-track
velocity component of ' 100 m/s (we investigated
only the semimajor axis dispersion). If this value
is used also for the other two components, radial
and normal, we would expect maximum eccentric-
ity and inclination initial dispersions of ' 0.024
and ' 0.012. The observed dispersion is ' 0.040
and ' 0.025, larger than the maximum estimated
values. Here, however, we believe one should
account for the larger characteristic velocities of
ejecta in the normal and radial directions as ex-
plained above. This effect, in combination with
the z1 resonance perturbations, should easily ex-
plain the apparent mismatch of the expected (from
along-track velocities) and observed dispersion of
the Eos family in e and I.18

After Koronis (Bottke et al., 2001), Eos is the
second asteroid family which here received a thor-
ough analysis using the modern view of initial clus-
ter from parent fragmentation evolving both via
collisional and dynamical effects. More studies
about other families will be useful, in particular to
constrain their ages, a vital information to trace
overall history of the main belt of asteroids.

18The same feature is seen in the young Veritas family (e.g.
Nesvorný et al., 2003), whose initial velocity field holds a
high degree of anisotropy. For instance, from the relative
measure of the inclination and semimajor axis dispersion
of Veritas multi-kilometer members we determine that the
ratio of the mean normal vs transverse velocity components
was 3 − 5 in this case. It is tempting to assume a similar
explanation as for the Eos.
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Physics of the Solar System. Kluwer Academic
Publishers, Dordrecht.

Binzel, R.P., 1988. Collisional evolution in the Eos
and Koronis asteroid families: Observational
and numerical results. Icarus 73, 303–313.

Binzel, R.P., Rivkin, A.S., Stuart, J.S., Harris,
A.W., Bus, S.J., Burbine, T.H., 2004. Ob-
served spectral properties of near-Earth ob-
jects: results for population distribution, source

regions, and space weathering processes. Icarus
170, 259–294.

Bottke, W.F., Nolan, M.C., Greenberg, R., Kolvo-
ord, R.A., 1994. Velocity distributions among
colliding asteroids. Icarus 107, 255–268.

Bottke, W.F., Vokrouhlický, D., Brož, M.,
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Brož, M., 2003. Dynamical evolution of aster-
oids and meteoroids using the Yarkovsky effect.
in: Asteroids III (W.F. Bottke, A. Cellino. P.
Paolicchi and R.P. Binzel, Eds.), pp. 395–408.
Arizona University Press, Tucson.

Bottke, W.F., Durda, D.D., Nesvorný, D.,
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Čapek, D., Vokrouhlický, D., 2004. The YORP
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Yarkovsky-driven origin of Near Earth Aster-
oids. Icarus 163, 120–134.
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Nesvorný, D., Bottke, W.F., Levison, H.F., Dones,
L., 2003. Recent origin of the Solar System dust
bands. Astrophys. J. 591, 486–497.
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Table 1

Statistics of Yarkovsky-drifting orbits crossing the 7/3 MMR.

H D N Nc

(mag) (km)

13 9.4 102 0
14 5.9 102 6
15 3.7 102 7
16 2.4 102 13

†H and D are the absolute
magnitude and size of the par-
ticles, N is the number of inte-
grated orbits, Nc is the num-
ber of orbits that crossed the
7/3 MMR without being scat-
tered enough in the inclination
and eccentricity to remain ap-
proximately in the appropriate
range of Eos members.

Table 2

Statistics of Yarkovsky-drifting orbits crossing the 9/4 MMR.

H D N Nc

(mag) (km)

10 37.4 102 2
11 23.6 106 6
12 14.9 102 12
13 9.4 106 15
14 5.9 106 21
15 3.7 106 30
16 2.4 106 35

†The first three columns as
in Table 1 except here for
the 9/4 MMR; Nc is the
number of particles that were
still associated with the nom-
inal Eos family after the pas-
sage through 9/4 MMR during
their further evolution.
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Table 3

Observations of the asteroids in the z1 resonance zone (Fig. 20).

Asteroid a H Vc ST Date Site
(AU) (m/s)

(20845) 2000 UY102 2.979 12.3 48 T 20-Jan-02 KPNO
(21211) 1994 PP36 2.976 13.41 48 T 20-Jan-02 KPNO
(33780) 1999 RU171 2.973 13.05 48 T 06-Mar-02 KPNO
(62948) 2000 VE32 2.960 13.73 58 X 22-May-03 KPNO

†Orbital data and family association (2nd through 4th columns): a is the
proper semimajor axis, H absolute magnitude (AstOrb source), Vc is the critical
HCM velocity cutoff at which the asteroid associates with the family.

‡ST stands for the spectral type (5th column).

?Observational circumstances (6th through 7th columns): UT date, observa-
tory (KPNO stands for the 4-m Kitt Peak National Observatory telescope).

Table 4

Observations of the suspected interlopers in the Eos family (Fig. 21); data as in the
Table 3.

Asteroid a H Vc ST Date Site
(AU) (m/s)

(251) Sophia 3.095 9.84 55 L 22-May-03 KPNO
(1755) Lorbach 3.092 10.74 58 T 21-Jan-02 KPNO
(2193) Jackson 3.108 10.31 60 X 23-Mar-02 La Silla
(3937) Bretagnon 3.066 11.45 55 X 22-Mar-02 La Silla
(4431) Holeungholee 3.060 11.4 65 X 20,21-Mar-02 La Silla
(8340) Mummaa 2.970 11.9 48 D 23-Nov-01 Palomar

(11993) 1999 XX 3.086 12.86 49 Xk 22-May-03 KPNO
(27789) 1993 BB7 3.072 12.18 45 K 08,11-Nov-02 La Silla
(36151) 1999 RG193 3.087 12.45 52 Xk 22-May-03 KPNO

a(8340) Mumma is also the largest asteroid in the z1 stream from the Eos family.

?Additional sites: Palomar (60-inch Palomar telescope), La Silla (1.52-m ESO
telescope located at La Silla, Chile, operated under the agreement with the
CNPq/Observatório Nacional, Rio de Janeiro).
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Fig. 1.— Number of asteroids associated with a family (using the HCM approach) as a function of the cut-off
velocity Vc for Eos (thick line) and Veritas (thin line). The large Eos family steadily accumulates asteroids
as Vc increases, while identification of the compact Veritas family shows only little dependence on Vc. At a
critical value of Vc = 78 m/s the two neighboring families coalesce into a single structure.
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Fig. 2.— The Eos family determined by the HCM with Vc = 50 m/s (left figures) and 55 m/s (right figures)
projected onto perpendicular planes in the space of proper elements: (i) semimajor axis a and eccentricity e
(upper figures), and (ii) semimajor axis a and sine of inclination sin I (bottom figures). Family members are
shown by thick symbols, while the background asteroids in a surrounding box delimited by the axes range
are dots. Position of major mean motion resonances with Jupiter (7/3 and 9/4) is also shown.
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Fig. 3.— The Eos family determined by the HCM with Vc = 50 m/s (left) and 55 m/s (right) projected
onto a plane of proper semimajor axis a and absolute magnitude H. As in Fig. 2, the family members are
thick symbols, surrounding background asteroids are dots. Observation limits prevents detecting asteroids
smaller than about 1 − 2 km in size (H ' 17). Major mean motion resonances are also shown.
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Fig. 4.— The Eos family (bold symbols) shown in 3-D space of proper orbital elements; dots are background
asteroids not associated with the family by the HCM method (here Vc = 55 m/s is used). We emphasize
existence of an asteroid stream escaping from the family toward low values of the proper eccentricity and
inclination. Semi-transparent surfaces indicate approximate borders of the high-order secular resonance z1

discussed in Sec. 3.3. We show ±0.8 arcsec/yr region about the exact resonance whose location is determined
using a semianalytic theory of Milani and Knežević (1990, 1992); this width corresponds to the numerical
results from Sec. 3.3. Unlike the principal MMRs, the z1 resonance is a strongly curved 3-D structure in
the space of proper elements. The observed anomalous asteroid stream and the position of the z1 resonance
strongly correlate; this suggestive link is investigated in more detail in Sec. 3.3.
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Fig. 7.— Evolution tracks of our synthetic Eos asteroids with size ≥ 7 km during 1 Gy in our simulation;
dots are ≥ 7 km members of the currently observed family with the HCM threshold velocity Vc = 55 m/s.
Top: proper eccentricity vs. proper semimajor axis; bottom: proper sine of inclination vs. proper semimajor
axis. The initially compact family extends in course of time due to a combination of the (i) Yarkovsky forces
that produce diffusion in the semimajor axis, and (ii) interaction with MMRs that, upon capture, cause
eccentricity and inclination to change. The latter effect is proportional to the resonance strength scaling
with its order. Thus the principal resonances –here 9/4– make many of the captured asteroids eliminated
from the family. Weaker MMRs, such as 16/7 or the three body resonances (shown in the figure), have not
a capability to eliminate asteroids from the family, yet they can make the family to extend in eccentricity
and inclination. A special effect is produced by the high-order secular z1 resonance (Sec. 3.3) that make the
Yarkovsky drifting orbits frequently captured and driven along it for a long period of time. This is because
this resonance varies along all proper elements, approximately diagonally across the family. The grey curves
show nominal location of the resonance ±0.8 “/y zone for: (i) sin I = 0.17 (top), and (ii) e = 0.04 and
e = 0.08 (bottom).
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Fig. 8.— The same as in Fig. 7 but here for asteroids with size ≤ 7 km (view dominated by 2 km size
bodies). These objects have a faster semimajor axis drift due to the Yarkovsky forces and some manage
to cross the whole extend of the family in semimajor axis. As in Fig. 7 we note both interaction with the
weak MMRs and significant role of the z1 secular by trapping the migrating objects and transporting them
to smaller values of proper inclination and eccentricity. With that process, nearly the complete eccentricity
extend of the family is achieved, though effect on inclination is still small. Transparency of the 9/4 MMR
for the migrating objects is higher now, yet many asteroids still get ejected from the Eos family via this
route. The 7/3 MMR may eventually be also crossed by few of these smaller asteroids, but upon this crossing
the eccentricity and inclination get largely changed. The black sections of the evolutionary tracks indicate
the particle is still associated with the Eos family at the nominal HCM cut-off velocity Vc = 55 m/s; the
dark-gray section indicate the particle escaped too far from the family and ceases to be associated with
it. Note, that the few objects that crossed the J7/3 resonance became unrelated to the Eos family at the
adopted nominal HCM cut-off velocity.
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Fig. 9.— A zoom of the Fig. 7 showing tracks of particles in our simulation near a pair of weak mean motion
resonances J23/10 and 5J-1S-2 (see the text for nomenclature); dots are the currently observed asteroids.
Upper panel is a projection onto the proper eccentricity vs. proper semimajor axis values, lower panel gives
a projection onto the proper sine of inclination vs. proper semimajor axis values. Because of the Yarkovsky
forces the orbits migrate toward smaller semimajor axis values. Upon encounter the mean motion resonances,
the proper eccentricity might be significantly changed; the inclination effect is quite less for these resonances.
The bottommost migrating particles are trapped in the z1 secular resonance and stay so even after a period
of interaction with the mean motion resonances.
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Fig. 10.— A zoom o the evolutionary paths of the Eos members in our simulation near the J11/5 and 3J-2S-1
resonances. This doublet causes a non-negligible elimination rate and only orbits at sufficiently low initial e
value have a good chance to continue populating the family at a ≥ 3.08 AU.
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Fig. 11.— The thin line shows ratio r(H), from Eq. (4), of the observed vs expected Eos members on the
right over left hand sides of the 9/4 MMR as a function of the absolute magnitude H; we consider bodies
binned in 0.5 zones of H about H = 10 − 16 with the last value, however, having large uncertainty due to
few known objects only (see Fig. 3). The shaded uncertainty interval is based on computed r(H) values
for Eos family identifications with Vc in the range 50 − 60 m/s (lower values for smaller Vc). Values r < 1
indicate a relative paucity of Eos members above the 9/4 MMR as regards to the population below the 9/4
MMR. The solid line shows probability to cross the 9/4 MMR for orbits migrating toward larger semimajor
axis values by the Yarkovsky forces (symbols are data in Table 2). The lowest dashed line is the same for
the 7/3 MMR.
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Fig. 12.— Comparison of the observed and modeled distribution D(C) for the Eos family; here we use model
with size-independent velocity VSD that charaterizes dispersal of the initial fragments along all directions.
In fact we show directly number Nobs(C), and N(C), of asteroids within a strip (C,C + ∆C) for ∆C =
4 × 10−6 AU used in the target function Ψ∆C in Eq. (11). Symbols are the observed bodies Nobs(C) with
the assigned formal uncertainty

√

Nobs(C); only the left branch of the family with asteroids having a ≤ ac

is used here. This is an averaged result where ac is assumed to be uniformly distributed in the range
(3.015, 3.025) AU. Broken solid line is our modeled family that minimizes the target function Ψ∆C .
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Fig. 13.— Projection of the target function Ψ∆C onto planes defined by the model parameters: (a) T vs.
cYORP, (b) T vs. V , and (c) cYORP vs. V (as in the previous figure VSD = V is size-independent). Each
time we plot the smallest Ψ∆C value along the ray of the third parameter (i.e. in the first case we fix T and
cYORP values of seek the minimum value for all tested values of V ). We show several isolines of Ψ∆C with
attached values (recall the best fit value is Ψ∆C = 27.8, that compares to 41 bins in ∆C).
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Fig. 14.— The same as in Fig. 12 but here for the model where VSD = V (5 km/D) is size-dependent.
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Fig. 15.— The same as in Fig. 13 but here for the model where VSD = V (5 km/D) is size-dependent. The
best-fit value is Ψ∆C = 26.2.
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Fig. 16.— Distribution of the geometric albedo values pV for Eos members determined by Tedesco et al.
(2002); abscissa is pV , ordinate is number of asteroids with pV in a given bin. The arrow indicates the mean
value.
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Fig. 17.— Configuration space of the z1 secular resonance: critical angle σ′ at the abscissa and secular
frequency g + s − g6 − s6 on the ordinate. Left: all family asteroids included; right: zoom of the previous
figure near z1 resonance zone. Solid curves show evolution tracks of several Eos-family asteroids during our
10 My orbital integration (high-frequencies have been eliminated). The innermost librating orbit is (221)
Eos itself, while other asteroids show and example of transitions between libration and circulation –(2216)
Kerch– and circulations –(513) Centesima and (520) Franziska. Dots are current position of Eos asteroids
(HCM family with Vc = 55 m/s). The negative value of g + s − g6 − s6 frequency occurs when orbital
semimajor axis is smaller than the z1 libration centre for given value of the eccentricity and inclination; thus
the bulk of the family (adhering eventually to the 7/3 MMR; see Fig. 4) projects to this part of our plot.
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Fig. 18.— Distribution of the critical angle σ′ values determined for members of our nominal Eos family
(solid line and left ordinate). Previous analyses, e.g. Brouwer (1951) or Milani and Knežević (1992), found
it non-uniform, suspecting a young age of the family; the dashed curve (and right ordinate) reconstructs the
similar quantity for the 58 Eos members known to Brouwer (1951). Here, we show that (i) with modern data,
many more asteroids added in the family, the distribution is fairly uniform, and (ii) the anomaly reported by
the previous studies is due to selecting asteroids preferentially inside the z1 resonance, for which σ′ is limited
to their libration interval (and the σ′ values are preferentially found near extremes of the libration cycle).
In each case the horizontal lines show the

√
Nm-uncertainty strip about the mean value Nm of the uniform

distribution. If we discard asteroids residing inside the z1 resonance, the fluctuations fit in this uncertainty
strip.
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Fig. 19.— Stability of the proper elements for the nominal Eos family. In black dots we show the nominal
family from proper elements of the AstDyS catalogue, used also in previous parts of this paper. In grey
lines we show variation of the synthetic proper elements determined from our 10 My integration for all 4394
members. In particular, the grey intervals delimit minimum and maximum values of the proper elements
(eccentricity e and inclination sin I) determined by Fourier filtering on a running 700 ky wide window in our
integration. The principal diagonal grey strip in both plots is the effect of the z1 secular resonance. In this
case, the period of e and sin I oscillation is several My (e.g. Fig. 17). Note the amplitude of the z1 driven
variation of the proper orbital elements is surprisingly large (as opposed to the resonance weakness) and
it amounts to a fair fraction of the whole dispersion of the family in the appropriate elements. The thick
bars are the four asteroids from Fig. 17; obviously, the largest amplitude of the oscillation occurs for (2216)
Kerch, which resides near separatrix of the z1 resonance. We also indicate effects of several MMRs, whose
nomenclature is indicated at top. The most significant are effects of J7/3 and J9/4, but we can notice also
J11/5 and the three-body resonance 3J-2S-1.
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Fig. 20.— Relative reflectance spectra, normalized to unity at 550 nm, of asteroids in Table I. For (20845)
UY102 the ordinate is in order, while for the other objects we arbitrarily shifted the data each time by 0.4 for
visibility. For sake of comparison, we also show average reflectance spectra of T-type and X-type asteroids
from the SMASS dataset (Bus and Binzel, 2002a,b, and http://smass.mit.edu/).
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Fig. 21.— Relative reflectance spectra, normalized to unity at 550 nm, of asteroids in Table II. For (2193)
Jackson the ordinate in in order, while for the other objects we arbitrarily shifted the data each time by 0.4
for visibility. Noisier data for some objects reflect their relative faintness. For sake of comparison, we also
show average reflectance spectra of X-type, Xk-type and D-type asteroids from the SMASS dataset (Bus
and Binzel, 2002a,b, and http://smass.mit.edu/).
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Fig. 22.— The nominal Eos family, Vc = 55 m/s, projected onto the plane of proper semimajor axis a
and absolute magnitude H – dots. Symbols indicate position of asteroids whose spectra are reported in
the paper: (i) open circles are objects inside the z1 secular resonance (Table 1 and Fig. 20), all T-types
except for (62948) 2000 VE32 which is X-type and resides nearest to the 7/3 MMR; (ii) triangles are objects
nominally associated with the family but which correspond to extremal values of C parameter from Eq. (5),
such that |C| ≥ 1.6 × 10−4 AU, which are suspected interlopers; (iii) squares are the same as blue in (ii)
but for asteroids associated with the Eos family at HCM cutoff velocity larger than 55 m/s. In the latter
two classes we show the asteroid designation, spectral type and, in the (iii) case, the HCM cutoff velocity at
which the body associates with the family (the number in squared brackets in m/s).
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Fig. 23.— Left: Dashed curve shows a mean 5-color spectrum for 499 small Eos members from the SDSS
database (release 3.0; see Jurić et al., 2002 and http://www.astro.princeton.edu/~ivezic/sdssmoc/

sdssmoc.html) whose principal spectral components have an error smaller than 0.1 (here we normalized
the result to unity at 550 nm as conventional). The shaded zone shows a standard deviation interval about
the mean. Right: The Eos family members (green dots) projected onto the plane of spectral principal
components PC1 and PC2 (e.g. Nesvorný et al., 2005a); here we use again the sample of 499 asteroids
observed with SDSS with small enough errors. The two ellipses show a 90% (inner ellipse), resp. 99% (outer
ellipse), confidence level of a formal relation between the two components that define the Eos family as a
cluster of data in these variables. Objects outside these limits are likely alien to the family. Here we list
large members in this zone: (i) 1 – (8340) Mumma, (ii) 2 – (1755) Lorbach, (iii) 3 – (4843) Megantic, and
(iv) 4 – (4431) Holeungholee; the horizontal and vertical intervals show errorbars of the data. The last two
were classified X-types by the narrowband spectroscopy, while (8340) Mumma received D classification and
(1755) Lorbach T classification (see Fig. 21). For sake of comparison we also show the neighboring Veritas
family, classified as C-type group, in red dots.
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